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Abstract

We propose a new algorithm for the symmetric eigenproblem which computes eigenval-
ues and eigenvectors with high relative accuracy for the largest class of symmetric, definite
and indefinite, matrices known so far. The algorithm is divided in two stages: the first one
computes a SVD with high relative accuracy, and the second one obtains eigenvalues and
eigenvectors from singular values and vectors. Using the SVD as a first stage is responsible
both for the wide applicability of the algorithm and for being able to use only orthogo-
nal transformations, unlike previous algorithms in the literature. Theory, a complete error
analysis and numerical experiments are presented.

Key identifying words: symmetric eigenproblem, singular value decomposition, high relative
accuracy.
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1 Introduction

An orthogonal spectral decomposition of a real symmetric n by n matrix A is a factorization
A=QAQT, where Q is real orthogonal and A = diag[\1,...,\,] is diagonal. We assume that
Al > ... > Ap. The columns ¢;, i = 1,...,n, of @) are the eigenvectors of A corresponding
to the eigenvalues \;, ¢ = 1,...,n. In this paper we present an algorithm that computes an
orthogonal spectral decomposition for the largest class so far of symmetric matrices with the
following high relative accuracy:
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e The error in each computed eigenvalue, Xz , is
I\ — Al = O(ke)|Adl, (1)

where we assume that Xl > .. > Xn, € is the unit roundoff of the finite arithmetic
employed in the computation and x is a relevant condition number, to be specified later
in §2.1. High relative accuracy will be achieved whenever x =~ 1.

e The angle ©(qg;,q;) between each computed eigenvector ¢; and the exact one ¢; satisfies

O(ke)

) i?Ai = )
(@) relgap(|Ai)

(2)

where relgap(|A\;|) = min {min#i %ﬁll)‘l" , 1}. This may be a considerably more accurate
outcome than that of a conventional eigenvalue method, like QR, divide-and-conquer or bisection
with inverse iteration, for instance. Such algorithms produce results with high absolute accuracy,
i.e. satisfying R

[Ai = Al = O(e) max|A;],

instead of (1), and
O(e)
min]'?gi ‘)\Z—)\]| ?
max; | ;]

(g, @) =

instead of (2). Thus, a conventional algorithm may provide approximations for the small eigen-
values ( ma%ﬁ ~ %) with no correct significant digits, or even with the wrong sign. Moreover,
if there are two or more small eigenvalues, their eigenvectors may be computed very inaccu-
rately, even when the eigenvalues are well-separated in the relative sense (e.g. A; = 107! and
Aj = 10716 if \; = 1). At present, high relative accuracy can only be reached for certain classes
of symmetric matrices.

Identifying classes of matrices for which either a singular value decomposition (SVD) or a
spectral decomposition can be computed with high relative accuracy has been a very active
area of research in the last fifteen years (see [7] and references therein for an overview). At
present, high relative accuracy eigensolvers are only available for some symmetric matrices,
and are far less developed than accurate SVD algorithms (except, of course, in the related
positive definite case [8]). To be more precise, several easily characterized classes of matrices
have been identified in [7] for which high relative accuracy SVDs can be computed, while present
symmetric indefinite eigensolvers deliver high relative accuracy for matrices which are not easy to
recognize (with the exception of scaled diagonally dominant matrices [2]). As can be seen in [23,
28], the symmetric indefinite matrices deserving high relative accuracy spectral decompositions
have been characterized through the positive semidefinite polar factor, which is difficult to
compute. In this regard, the main contribution of the present paper is to prove that the proposed
eigensolver achieves high relative acuracy (1),(2) for all symmetric matrices in any of the classes
identified in [7]. Moreover, it will do so, under very general assumptions, for any class of matrices
eventually identified in the future for which high relative accuracy SVDs can be computed. None
of the present symmetric eigensolvers can guarantee, to our knowledge, high relative accuracy
for the classes of matrices above.

The most general algorithm to compute spectral decompositions of symmetric indefinite
matrices with high relative accuracy is at present the so-called implicit J-orthogonal algorithm.
It was introduced by Veseli¢ in [27] and carefully analyzed by Slapnic¢ar in [23]. It has the



advantage, when delivering high relative acuracy, of producing an error smaller than (2) in the
eigenvectors, namely

O(Re)
— (3)
relgap(\;)

for an associated condition number &, which has been observed in practice to be & ~ 1. This
error depends on

O(¢, i) =

relgap(\;) = min {min M, 1} , (4)
i# Al

the relative gap between the eigenvalues, the natural one for the symmetric eigenvalue problem,

usually larger than the relative gap between the absolute values of the eigenvalues.

There are other important differences between the algorithm by Veseli¢ and Slapnic¢ar and the
one proposed below: the J-orthogonal algorithm uses hyperbolic transformations [16, §12.5.4],
which complicates the error analysis and increases the constants in the error bounds. The
algorithm we propose here uses only orthogonal transformations. Also, the error bounds for the
hyperbolic J-orthogonal algorithm are valid modulo a minor proviso (bounded growth of the
scaled condition number of certain matrices appearing in each step of the iteration), while the
new algorithm can be implemented in such a way that no proviso is needed to guarantee the
error bounds. On the other hand, the J-orthogonal algorithm may be easily extended to matrix
pencils, while this is not possible for the one presented here. There are also similarities: both
algorithms require to previously factorize the matrix, and both depend crucially on employing
algorithms of one-sided Jacobi type.

The basic motivation for the algorithm we propose is to take advantage of the intense research
effort, undertaken in the last few years, focused on identifying classes of matrices for which
an SVD can be computed with high relative accuracy. This collective effort has led to the
unified approach in [7]. The connection with our work lies in that the SVD and the spectral
decomposition are closely related for symmetric! matrices: the singular values are the absolute
values of the eigenvalues, and eigenvectors may be constructed from singular vectors. To be
more precise, let A = USVT be an SVD of A = AT, where U,V are n by n orthogonal with
columns u;, v;, i =1,...,n, and ¥ = diag|oy,...,0,] with o1 > ... > 0, > 0. In the simplest
(and most frequent) case in which all singular values of A are distinct, the eigenvalues of A are
(0] w;) o4, (5)

(2

with viT u; = £1 for all ¢ = 1,...,n, and the corresponding eigenvectors are v; (u; may

be equally chosen). Hence, once an SVD is known, the only additional work to obtain the
eigenvalues is to determine the sign £1 via the scalar product v} u; of right and left singular
vectors (the general case when groups of equal singular values appear is presented in §3.1).
Notice that viT Av; = viT u;0;, i.e. the scalar product above can be thought of as a cheaper and
indirect way of obtaining the sign from the Rayleigh quotient, avoiding the multiplication by
the matrix A, which may give the wrong sign due to its large condition number (one example
of this difficulty will be shown at the end of §3.3). In fact, this particular way of assigning the
signs through UiT u;, together with the proof of its accuracy, is one of the crucial issues in this
paper.
Therefore, given a computed high relative accuracy SVD of A = AT satisfying

LAll the results in this paper are valid for Hermitian matrices, although for the sake of simplicity we restrict
the discussion to the real symmetric case.



. O(re) . O(ke)
@(Uu z) relgap(az) ®(u’u z) Telgap(ai)’ (7)
with
relgap(o;) = min {min M, 1} , (8)
J#i (o]

it only remains to prove that the pair v;, u; approximates the pair v;, u; closely enough so that
the computed value of the scalar product approximates +1 with an absolute error smaller than
one, to get (1) and (2). Notice that this is no longer a high relative accuracy problem.

In this spirit we propose the following algorithm to compute the eigenvalues and eigenvectors
of a symmetric matrix in two stages:

Stage 1: Compute an SVD of A with accuracy (6) and (7).

Stage 2: Compute the eigenvalues of A by giving signs, according to (5), to the singular
values computed in Stage 1. The corresponding eigenvectors are the right (or left) singular
vectors computed in Stage 1. When groups of equal singular values are present, this step
becomes more involved (see §3.3 below).

We will show that Stage 2 provides high relative accuracy in the eigenvalues (1) and in
the eigenvectors (2) as long as Stage 1 gives an SVD with small backward multiplicative error
(as in formula (16) below, that in turn guarantees (6) and (7)). As to Stage 1, there are at
present algorithms to perform it for several classes of matrices, summarized in [7]. These are
the algorithms we are going to use, although any future high relative accuracy SVD algorithm
may be employed for Stage 1.

Maybe the most remarkable contribution of Demmel et al. in [7] is developing algorithms
which compute high relative accuracy SVDs (i.e., satisfying (6) and (7)) for any matrix such
that a so-called rank-revealing decomposition (RRD) can be computed with enough accuracy.
A RRD of G € R™™, m > n, is a factorization G = XDYT with D € R™" diagonal and
nonsingular and X € R™*", Y € R™*", where both matrices X, ) have full column rank and
are well-conditioned (notice that this implies r = rank(G)). According to the structure of the
algorithms in [7], a more specific description of the SSVD algorithm we propose here (the SSVD
stands for Signed SVD) is the following

Algorithm 1 (SSVD)
Input: Symmetric matrix A.
Output: Eigenvalues A = diag[)\;] and eigenvectors Q =[q1...qn]; A= QAQT.

1. Compute a RRD factorization XDY7T of A.
2. Compute SVD XDY7T = UXV7T of RRD using algorithms in [7, §3].

3. Compute the eigenvalues of A, by giving signs to the singular values, and the
corresponding eigenvectors, using either Algorithm 2 (SYSSV) in page 12, or
Algorithm 3 (SYSSVR) in page 25 below.



The accuracy required in [7] on the computed RRD matrices X, D, Y in order to guarantee
that a high relative accuracy SVD can be obtained is given by the following forward error bounds:

|dii — di| = O(€)|04i,

| X — X[ =O(e)]| X1, (9)
1Y = Y[ =0V,
where || - || denotes the spectral norm and d;;, d; stand, respectively, for the diagonal elements

of D, D. Once a RRD factorization X DYT satisfying (9) is available, either Algorithm 3.1 or
Algorithm 3.2 of [7] provide a high relative accuracy SVD of X DYT with overall relative error
(including the initial factorization stage) of order O (e max{x(X),x(Y)}) in the singular values,
and O (e max{x(X),k(Y)}) over the relative gap (8) in the singular vectors, where x(-) denotes
the condition number in the spectral norm. The key to prove this high relative accuracy is that
both the error (9) in the factorization and the errors introduced by Algorithms 3.1 or 3.2 of [7]
produce a backward error of multiplicative type, instead of the additive type usually produced
by conventional algorithms (see §2.1 for a more detailed discussion).

Several classes of matrices have been found in the last ten years for which it is possible to
compute an accurate RRD. They include bidiagonal, acyclic, Cauchy, Vandermonde, graded,
scaled diagonally dominant matrices, as well as all well-scalable symmetric positive definite and
some well-scalable symmetric indefinite matrices, etc. Hence, for all symmetric matrices in any
of the classes described in [7, p. 26-27], Algorithm 1 will produce a spectral decomposition with
the high relative accuracy given by (1) and (2) under the criteria given in [7] for computing
accurate RRDs.

The way RRDs with the accuracy (9) are obtained in [7] is the reason why the J-orthogonal
algorithm does not guarantee, at present, high relative accuracy for the classes of symmetric
matrices mentioned above. The key is that RRDs are computed in [7] from Gaussian elimination
with complete pivoting (GECP)2. Moreover, a plain implementation of GECP does not guarantee
accuracy (9) for most of the classes in [7]. This can only be achieved through special, nontrivial
implementations of GECP, sometimes demanding a great deal of ingenuity (see [7, 6]). Since
GECP leads in general to RRDs with X # Y, even if the matrix to be factorized is symmetric,
the J-orthogonal algorithm cannot be directly applied because it begins with a more restrictive
symmetric indefinite factorization SJST of the matrix A = AT, where J is square diagonal with
diagonal elements +1, and S has full column rank®. At present, for instance, it is not known
whether some modifications in the algorithm leading to the symmetric indefinite factorization
would ensure that it is accurately computed in the sense of (9) for the classes of symmetric
matrices in [7]. Although [24] contains a thorough error analysis of the symmetric indefinite
factorization, no general forward error bounds are provided allowing to determine classes of
matrices admitting an accurate factorization.

Notice that the nonsymmetric character of Algorithm SSVD is responsible both for making it
valid for a large class of matrices and for being able to use only orthogonal transformations in
step 2, while the J-orthogonal algorithm has to use hyperbolic ones. The prize to pay, however,
is that by applying an SVD algorithm (valid for any matrix) to a symmetric matrix, we are not
making any use of the symmetry of A. Thus, the algorithm is not backward stable, in the
sense that one cannot guarantee that the computed eigenvalues and eigenvectors are the exact

2Some mention is also made in [7] of using QR with complete pivoting [22, 18, 4]. This would open the
possibility of using Algorithm 3.3 of [7], less costly than Algorithms 3.1-3.2 for step 2 of SSVD.

3Notice that, although SJST is not an RRD, its computation is equivalent to computing a symmetric RRD
of the form XDX7T, see [24].



eigenvalues and eigenvectors of a close symmetric matrix. An important consequence of this
is that a first, plain implementation of the algorithm produces an error (2) in the eigenvectors
depending on the relative gap between the absolute values of the eigenvalues, i.e. between the
singular values. This does not appear if we use a symmetric algorithm (as the J-orthogonal
algorithm) producing a symmetric backward error, since in that case the relative perturbation
theory for symmetric matrices [15, 20, 28] leads to eigenvector error bounds depending on the
natural eigenvalue relative gap (3).

This is the reason why we analyze two different implementations of step 3 of Algorithm 1.
The first and simplest one, Algorithm 2, follows straightforwardly the ideas explained after
equation (5) and delivers the announced accuracy (1), (2). To improve the accuracy (2) for
the eigenvectors we offer in section 5 a second, more sophisticated implementation, Algorithm 3.
Although this is the one we recommend in practice, we also include (and analyze) the first imple-
mentation because it is very difficult to understand how and why Algorithm 3 works without the
error analysis for Algorithm 2. We stress that both versions compute the same eigenvalues, and
only differ in the eigenvector computation step, which is more accurate for Algorithm 3. To be
more precise, notice that the relative gap between the singular values, relgap(o;), can be much
smaller than the relative gap between the eigenvalues only when relgap(o;) is calculated from
two consecutive singular values coming from eigenvalues of different sign. We show in Section 5
that if A; is the eigenvalue corresponding to o;, and A; is the eigenvalue corresponding to the
singular value closest to o;, then the errors O(gj,q;), ©(qr, qx) in both eigenvectors computed
by Algorithm 1, using Algorithm 3 in step 3, are bounded by

O(ke)
min{relgap(\g), relgap(X;)}

instead of (2), i.e., given two close singular values coming from eigenvalues of different sign, the
error in the corresponding eigenvectors does not depend on the distance between these singular
values. Actually, we will prove that the accuracy (10) is already achieved by Algorithm 2 in all
cases except in those with an eigenvalue sign distribution like the one mentioned above. And even
in those cases, Algorithm 2 achieves (10) if relgap(o;) < ke. Notice that the worst eigenvector
error bound for Algorithm 1 using Algorithm 3 for step 3 is also reached by the J-orthogonal
algorithm, although some of the eigenvectors computed by the J-orthogonal algorithm can be
more accurate than the corresponding ones computed by SSVD.

Concerning the computational cost of Algorithm 1, it is O(n?) provided the initial RRD costs
O(n?) (some classes of matrices allow an accurate RRD, but not at O(n?) cost [7]). As usual
for high accuracy algorithms, Algorithm 1 is more expensive than other O(n?®) conventional
eigenvalue methods, like QR, divide-and-conquer, etc. The most expensive part of Algorithm
SSVD is the one-sided Jacobi method employed in step 2. However, some ways have been
recently found [13] to speed up one-sided Jacobi, about as fast as the QR algorithm for SVD.

It is difficult to compare the cost of Algorithm 1 with that of the J-orthogonal algorithm.
If in both cases we do not count the initial factorization, the difference between Algorithm 3.1
of [7] and Algorithm 3.3.1 of [23] seems to amount to two matrix multiplications and one QR
factorization. However, numerical experience indicates that Algorithm 3.1 of [7] requires less
Jacobi sweeps than Algorithm 3.3.1 of [23] (see section 6.2). Finally, step 3 of Algorithm SSVD
costs, in general, O(n?), but for every cluster with d close singular values corresponding to
eigenvalues of both signs, and if eigenvectors need to be computed, there is an overhead cost of
O(d?) + O(d?n). Clearly, this is maximized when only one cluster of size d = n is present. Then,
the cost of step 3 is O(n?®). As to the timing statistics, the run-times of both algorithms will
shown to be comparable in the numerical experiments below.

(10)



The rest of the paper is organized as follows: Section 2 collects the mathematical results
required to perform a complete error analysis of Algorithm 1. Section 3 describes in detail
Algorithm 2 for step 3 of Algorithm 1 (SSVD), including the corresponding pseudocode. Special
attention is given to the presence of clusters of close singular values. Section 4 contains a
detailed error analysis of this implementation of Algorithm 1 in the most general setting, allowing
for the presence of clusters. Actually, the possible presence of clusters is the reason why we
need to devote a complete section to the error analysis, which is straightforward in the case of
matrices with distinct singular values. The error analysis in Section 4 motivates Algorithm 3
for step 3 of Algorithm 1, which is developed and analyzed in section 5, where (10) is proved
in the most general setting, with any distribution of clusters. Section 6 addresses the practical
implementation of Algorithm 1, together with the numerical tests. Conclusions and discussion
of open problems are presented in Section 7. Finally, two appendices contain certain proofs of
results in, respectively, sections 2 and 5 which, due to their length and technical character, are
better postponed to the end of the paper.

2 Preliminary results

We collect in this section the mathematical results required to perform the error analysis of
Algorithm 1. As stated in the introduction, the only requirement on the high relative accuracy
SVD algorithm in step 2 of Algorithm 1 is producing a small multiplicative backward error when
performed in finite arithmetic. A precise statement is given in §2.1 for algorithms in [7]. It is
also shown that the error due to the initial RRD can be absorbed as an additional multiplicative
backward error. Section 2.2 summarizes the multiplicative perturbation theory for singular
values and for bases of singular subspaces needed to guarantee the high relative accuracy of the
overall algorithm.

2.1 Backward error of the SVD algorithm

The following theorem is essentially proved in [7]

Theorem 2.1 Algorithm 3.1 of [7] (see Algorithm 4 in § 6.1 below) produces a multiplicative
backward error when executed with machine precision €, i.e. if G = XDYT € R™" s the
RRD computed in step 1 of Algorithm 1 and USVT s the SVD computed by the algorithm,
then there exist matrices U' € R™*", V' ¢ R"*", E € R™*™ F € R" " such that U' and V'
have orthonormal columns,

|U' = T|| = 0(e), [[V' V]| =0Ce),

(11)
IE]l = O(er(X)),  [IF|| = O(er(R)K(Y)),

where R’ is the best conditioned row diagonal scaling of the triangular matriz R appearing in
step 1 of Algorithm 3.1 of [7] (i.e Algorithm 4 in § 6.1) and

(I+E)GI+F)=Usy'T (12)

It is proved in [7] that x(R’) is at most of order O(n®/?x(X)), but in practice we have
observed in extensive numerical tests that x(R’) behaves as O(n). One can get rid of the factor
k(R') at the prize of using the more costly Algorithm 3.2 of [7].

We state Theorem 2.1 because the original result, [7, Thm. 3.1], is not phrased as a backward
error result, which is what we need for the subsequent error analysis. The only missing piece in



the analysis of [7] is the fact that one-sided Jacobi [16, §8.6.3] produces a small multiplicative
backward error. This can be easily derived from Proposition 3.13 in [12] and, since it is not
central to our argument, we defer its proof, together with that of Theorem 2.1, to Appendix
A below. Two different versions of Algorithm 4 will be analyzed in the appendix, depending
on whether the right-handed or left-handed version of one-sided Jacobi is employed. We will
show that the right-handed version, i.e. the one in which the Jacobi rotations are applied from
the right, guarantees smaller error bounds and leads precisely to Theorem 2.1. For the left-
handed version one can prove a theorem similar to 2.1, but with a weaker error bound for F,
and requiring a minor proviso to ensure the accuracy. However, the left-handed version is still
the one usually employed in practice since it is much faster and no significant difference has ever
been observed in accuracy. This is why we use it in most of the experiments in section 6. Finally,
it is crucial for the accuracy of one-sided Jacobi algorithms to impose as stopping criterion that
the cosines of the angles between the different columns (or rows, depending on the version of
one-sided Jacobi) are smaller than € times the dimension of the matrix.

Once the backward error of the SVD algorithm is shown to be multiplicative, the perturbation
theory in §2.2 below can be used to prove high relative accuracy, namely that the computed
singular values and vectors of X DYT satisfy

‘O’i — 3z| = O(H 6) aj,

. O(re)
ot g (13)
. O(xe)
O (u;, u;) = relgap(o;)
where
k= k(R') max{x(X), s(Y)} (14)

is in this case the relevant condition number announced in the introduction.

As a matter of fact, one may even absorb into a backward error of the form (12) the
error in the initial RRD, i.e. the one due to the fact that the SVD computation does not
start from the symmetric matrix A itself, but from its computed rank-revealing decomposition:
let A = XDYT be an exact RRD factorization of A and assume the starting decomposition
XDYT has been computed accurately enough so that the computed matrices X, D, Y satisfy
conditions (9). Then, as shown in the proof of Theorem 2.1 in [7], there exist matrices Ey, Fy
with ||Ef|| = O(ex(X)), ||F|| = O(es(Y)) such that

(I+ E;)A(I+ F;) = XDY"T. (15)
This, together with (12), implies that
U'SV'T = (I + E)A(I + F) (16)

where the backward errors E, F are of size ||E| = O(er(X)), ||F| = O(ex(R)x(Y)) and
reflect that the errors produced by both the RRD factorization and the SVD algorithm are
backward multiplicative.

We stress that all our error analysis is done in terms of the backward errors | E| and ||F].
Although we have focused on the case when |Ef|| = O(es(X)) and ||Fy|| = O(es(Y)), any
other more general backward errors for the factorization step can be trivially incorporated into
the error analysis, since, up to first order,

IEI < [|Ef]| + Oer(X)),  |IF]| < | Fyll + Oen(R')x(Y)).



2.2 Multiplicative perturbation theory

Let G be a real m by n matrix with SVND G=UXVT and singular values o1 > 09 > ... We
consider a multiplicative perturbation G' = (I + E)G(I + F) of G with SVD G = UXV7T and
singular values o;, also ordered decreasingly.

Theorem 2.2 [15, Theorem 3.1] Let G € R™*", G = (I + E)G(I 4+ F), and set

n=max{|E|,|F|}, ' =2n+n (17)
Then

Besides the change in the singular values, we also need to estimate the changes undergone
by singular subspaces or, more precisely, by their bases. Although the following results are valid
for rectangular matrices (see [20, 9]), we state them in the square case, the only one we deal
with in Section 4. Thus, G is now a real n by n matrix and G = (I + E)G(I + F). Let

¥ 0 VT
G:[UlUQ][ 0 EQH‘/;T], (18)

=~ ~ il 0 VT
G=|U U ~ A 19
0| 5, || vr (19)

be two conformally partitioned SVDs of G and é, i.e. the four matrices Zl,fh € R7%7 and
Yo, ¥y € R—0)*(n=4) are diagonal. No particular order is assumed on the singular values. The
change in the singular subspaces is usually measured through the sines of the canonical angles
O (Ui, (71) between the column spaces of U; and (71, and O(V71, 171) between the column spaces
of Vi and V; (see [26]). It is well-known that this change is governed (see e.g. [20, Thm. 4.1])
by the singular value relative gap
rg(S1,39) = min @, (20)
o€ o(X) g
5 eoa(Ly)

where o(M) denotes the set of singular values of the matrix M.

This kind of results, however, is not enough for our purposes. The fact that the signs of
the eigenvalues are obtained through scalar products like the one in (5) forces us to accurately
compute not only the singular subspaces, but also the corresponding simultaneous bases U; and
V;. To ensure this, finer perturbation results are needed, dealing with the sensitivity of the bases
themselves. It has been observed in [9] that simultaneous bases of singular subspaces do not
have the same sensitivity under perturbation as their corresponding singular subspaces. More
precisely, bases may be much more sensitive to additive perturbations than singular subspaces.
Fortunately enough for our purposes, both sensitivities are essentially equal for multiplicative
perturbations. A detailed discussion of these issues may be found in [9, 10], including a stronger
version of the following result (we use the Frobenius norm || - ||, as usual when the dimension
of the subspaces is larger than 1).



Theorem 2.3 [9, Theorem 2.2] Let G € R™" and G = (I + E)G(I + F) with respective
SVDs (18) and (19). Then there exists an orthogonal matrix P € R9*9 such that

/
- = 1
ULP — Th|% + [[ViP = Vi||2 < 20/q |0 + — _ |, 21
VIR = Ol + VP = Vil < 203 [+ 70— e 21)
where relgap(Xy, ig) is given by
relgap(¥q, iz) = min{rg(%, ig), 1}. (22)

and n, ' are given by (17).

Although it is more usual in the literature [7, 6] to define the relative gap (20) with the roles
of ¥1 and X9 reversed, we have chosen the definition above to conform to the cited perturbation
theorems. However, this does not represent any significant difference in the error bounds, since
a straightforward calculation shows that

~ ~ 1 ~
2relgap(Xa,31) > relgap(X,X9) > §Telgap(22,21). (23)

On the other hand, as usual in this kind of perturbation bounds, one can reformulate the
definition of the gaps in order to make them depend only on the unperturbed singular values,
at the cost of somewhat complicating the bounds.

The main point of Theorem 2.3 is that the orthogonal matrix P is the same for both left
and right singular vectors. This will be enough to guarantee the accuracy of the sign assignment

and of the computed bases of invariant subspaces?.

3 Computing spectral decompositions from SVDs

This section is divided in three parts: §3.1 outlines the mathematical basis for the main idea
underlying Algorithm 1, namely that one can easily get a spectral decomposition of a symmetric
matrix if one is given an SVD, even if the matrix has groups of equal singular values. Some
practical details concerning clusters of close singular values in finite precision will be considered
in §3.2. The complete pseudocode for Algorithm 2, the simplest implementation of step 3 in
Algorithm 1, will be presented in §3.3.

3.1 Mathematical basis

Let A € R™™ be a symmetric matrix with SVD A = UXVT. Then, VTAV = VIUY is
orthogonally similar to A with VTU orthogonal. If A has distinct singular values o > oo >
... > o, with respective multiplicities m;, i =1,...,p (mi + ...+ my = n) and we partition U

and V accordingly as
U=[th|] 4],

V=[V | V| | V]

into blocks U;, V; € R™*™i corresponding to each distinct singular value, then

VIU; =0  whenever i#j (24)

4 Actually, Theorem 2.3 is stronger than the usual bounds on the canonical angles between singular subspaces,
since one can easily show that || sin(©(Uy, U1))||r < ||Ur P — Ui||F, and similarly for V;.

10



since, due to the symmetry of A, both its left and its right singular vectors are eigenvectors of
A?. Consequently,

VIU = diag[V{ Uy, ..., ViU, (25)

is block-diagonal, where each diagonal block ViT U; € R™i*™Mi g jtself orthogonal. Furthermore,
since

VITAV = diagoy VI Uy, ..., 0pV) U] (26)

is symmetric, we conclude that each VZ-T U; is not only orthogonal, but also symmetric and
its eigenvalues, +1, are precisely the signs of those eigenvalues of A having modulus o;. In
the simplest case when m; = 1, the eigenvalue is just v;[ u; 0;. In the general case, a simple
calculation shows that if the spectrum of VZ-T U; contains mj eigenvalues equal to 1 and m;
equal to —1 (m; = m; +m; ), then

4+ my; & trace(VIU;)
m; = 5 ,

(27)

i.e. the multiplicity of the eigenvalues 4o; can be easily recovered from the trace of VIU;.

To obtain the eigenvectors of A, the simplest (and more frequent) case corresponds to m; = 1.
In that case, the right singular vector v; itself is an eigenvector. When some m; is larger than
1 and trace(VIU;) = m; (resp. trace(VIU;) = —m;), the m; eigenvalues are all equal to o;
(resp. —o;), and the eigenvectors are the columns of V;. In the general case m; > 1, m; # mz?t,
consider for each i = 1,...,p an orthogonal diagonalization of ViT U; = WZJZWZT , with J; =
diag[Imj, —I ] and W; = W;" |W;] € R™*™: partitioned conformally to J;. Then, denoting

W = diag[Wl,Z. .., W,], one can easily check that the matrix @ = VW is such that
QTAQ = diagloy v, . .., 0,J,),

i.e. the set of columns of the submatrix Q;" = VW, € R (resp. Q; = VW, € R™™i )
is a basis of the eigenspace corresponding to the eigenvalue o; (resp. —o;) of A. In other words,
A= QAQT with A = diag[+o;] is a spectral decomposition of A.

We conclude by noting that, although the right singular vectors V; have been used throughout
the argument, the symmetry of A implies that similar results hold using instead the left singular
vectors U;.

3.2 Clusters in finite arithmetic

We have seen in the last paragraph how to deal theoretically with groups of equal singular
values. When working in finite precision, however, it is very unlikely that some of the singular
values in the output of step 2 of Algorithm SSVD come out equal. But at the same time the
expected accuracy (13) determines that some of the singular values should be considered as
numerically indistinguishable and treated in the spirit of §3.1. Thus we are forced to deal with,
say, k different groups 3; of n; close singular values (¢ = 1,...,k, n; + ...+ ngp = n), which we
call clusters 5. The criterion to divide the singular values into clusters is crucial for the final
accuracy of Algorithm SSVD. This criterion will be carefully analyzed in §4.4, where we show

SFor the sake of brevity, we use ¥; to denote both the cluster of singular values and the corresponding n; x n;
diagonal matrix.
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that to achieve the accuracy (1) and (2) (see Theorems 4.3 and 4.7) it is enough to include two
contiguous singular values o, 041 in the same cluster whenever

loj — 0jt1]
aj

< Cke, (28)

for a suitable constant C, where
k= k(R") max{r(X),x(Y)}

is the quantity (14) which came up in the error bound for the singular values computed in step
2 of Algorithm SSVD (see § 4.4 for more on the choice of the constant C', though we advance here
that in the performed numerical experiments the choice C = 1 gives always very satisfactory
results).

For each cluster Y; we take matrices U;, V; € R™*™ whose columns are, respectively, left
and right singular vectors corresponding to the singular values in ;. Since the singular values
in ¥; are in general different, each of U; and V; is made up with several of the matrices /; and
V; defined in § 3.1. Consequently, the products A; = V;TUi are symmetric, orthogonal and block
diagonal matrices whose diagonal blocks are some of the blocks V]-TZ/{J-.

We conclude by noting that the number of positive, n;r, and negative, n; , eigenvalues with
absolute values in the cluster ¥; is still given by a formula like (27). As to the eigenvectors,
things are different to § 3.1, since the diagonalization of A; does not lead in general to compute
eigenvectors, but just two orthonormal bases, one for the invariant subspace corresponding to the
positive eigenvalues in the cluster ¥;, and another for the negative ones. This is a fundamental
issue in the error analysis for the eigenvector computations, and will be carefully explained
throughout the proof of Theorem 4.4.

3.3  SYSSV Algorithm

In this section we describe Algorithm 2, the first implementation of step 3 in Algorithm 1. The
eigenvalue and the eigenvector computations are separated in the procedure in two independent
parts. Doing this helps to better understand the structure of our second implementation of
step 3 in Algorithm 1, which will only insert another cluster selection routine in between the
eigenvalue and the eigenvector computations. We follow LAPACK’s naming convention in its
name:

Algorithm 2 (SYSSV)
Input: Singular value decomposition of a symmetric matrix A=UXVT.
Output: Eigenvalues A = diag[\;] and eigenvectors Q = [q1...qn]; A = QAQT.

1. Decide the singular value clusters,
Y ={0igs- -+ Tig4n;—1}, Ui, Vi, i=1,...,k, according to (28).

2. Calculate the eigenvalues using Algorithm 2.1 below.

3. Calculate the eigenvectors using Algorithm 2.2 below.

Algorithm 2.1
Input: SVD of A=UXVT; Clusters X1,%,...,%;;.
Output: Eigenvalues A;.

12



1. for each cluster, i =1:k

2. compute the diagonal elements of A; = VL»TUi
3. if n;, =1 then

4. Aig = sign(A;)oi,

5. else

6. for j=idp:ip+mn;—1

7. Aj = sign[(Aq)jji]o;

8. endfor

9. ti = trace(4;), n; = i 2_ b
10. if #{(A;);; <0} #n; then
11. for j=1ip:ip+n; —1
12. Aj = —0;
13. endfor
14. for j=io+n; 1ig+mn; —1
15. Aj = 0j
16. endfor
17. endif
18. endfor

Algorithm 2.2

Input: SVD of A=UXVT; Clusters %{,%,...,%;; Eigenvalues A.

Output: Eigenvectors Q = [q1...qn]

Notation:
Qii denotes the eigenvector matrix corresponding to positive (resp. negative)
e-values in ;.

1. for each cluster, i =1:k

2 if n; =1 then

3 Qip = Vig

4 else

5. n;, = number of negative e-values in X;
6 if n; =0 then

7 =V

8 elseif n; =n; then

9. Q =V,
10. else
11. multiply A; = VIU;
12. diagonalize A; = [W;" W, |J;[W;t W, T
13. Qfr =Viwr, Q7 =Viw,
14. endif
15. endif

16. endfor

13



Some comments on this code are in order: first, we have singled out the case n; = 1, although
it is not needed. This is done to highlight the fact that Algorithm 2 is extremely simple in this
case, all complications coming from the case n; > 1.

Notice also that the code does not compute eigenvectors associated with zero eigenvalues in
the case where r = rank(A) < n. This is due to the fact that the SVD algorithms in [7] do not
compute null vectors. However, if accurate null vectors are needed, they can be obtained as the
last n — r columns of the orthogonal factor in a complete QR factorization of the matrix V' of
right singular vectors.

If large clusters are present, one can save flops in step 11 and step 13 of Algorithm 2.2
by employing Strassen multiplication without spoiling the accuracy of the overall algorithm.
As to the diagonalization step 12 of Algorithm 2.2, it is assumed that one performs it on a
symmetrization of A;. This is crucial to obtain orthonormal eigenvectors.

Notice that the eigenvalue sign assigment (steps 6-17 of Algorithm 2.1) is done in two
stages when there are clusters: first (steps 6-8), we assign the signs given by the diagonal
elements of A; = ViTUi, as if the singular values in ¥; were not a cluster. If the number of
assigned negative eigenvalues coincides with n;, = %, the signs are kept. Otherwise,
we proceed as described in steps 10-17 of Algorithm 2.1. The reason for this is that the random
sign assigment inside each cluster in steps 10-17 proved to be too pessimistic in practice:
although singular values inside each cluster are numerically indistinguishable according to (13),
actual errors are frequently smaller than the error bounds. These smaller errors are lost if
the signs of eigenvalues are randomly assigned. The modified procedure minimizes this loss of
accuracy.

We finish this Section with an interesting remark on the way the signs are assigned in
Algorithm 2. Omne might think in obtaining the sign of each eigenvalue from the Rayleigh
quotients v;-rAvZ-, one of the most usual ways of approximating eigenvalues, instead of from v;rul
However, it is easy to construct examples for which the sign of v} Av; is wrong, while the sign
of v;[ui is right. We propose the following numerical example, easily reproducible in MATLAB
5.3, to the reader: generate a 100 x 100 symmetric Cauchy matrix with parameters x; = y; = 7,
i =1 : 100, where r; is a random number chosen from a normal distribution with mean zero
and variance one. Scale this matrix on both sides by the same diagonal matrix with diagonal
elements d; = 1020T§, where 7/ is a random number chosen from a uniform distribution on the
interval (0.0,1.0). For matrices of this kind Algorithm 3 in [6] can be used to obtain in a very
simple way a RRD, A = XDY7 | with forward errors fulfilling (9). Finally, applying Algorithm
3.1 of [7] to this RRD yields a SVD of A with high relative accuracy. No clusters of singular
values are present in general. For several of the computed singular vectors neither viT Av; nor
(v X)D(YTv;) have the same sign of v] u;, which is the correct one as will be shown in Section
4 (the reader also can check this by using a symbolic package like Mathematica in very high
precision). This example shows that using Rayleigh quotients may be dangerous, even in the
case when the matrix is given as a RRD. Similar behaviour is not rare in other Cauchy matrices,
or in random RRDs with very ill-conditioned diagonals. The use of Rayleigh quotients in the
more favorable case when the matrix A is scaled in a certain particular way, is covered in [14].

4 Error analysis.

In this section we present the rounding error analysis for the eigenvalues and the eigenvectors
computed by Algorithm 1. The main results in this section are the forward error bounds in
Theorems 4.3 and 4.7. Both are expressed in big-O notation, without explicitly specifying the
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dimensional constants involved. There are two reasons for this: first, we rely on error bounds
in [7], which are written in big-O notation without explicit mention of the constants involved.
Also, it is well known that the precise value of the constant is, in general, not relevant for
practical purposes.

This said, the reader should be aware that in the statements of the theorems in this section
we absorb moderately growing functions of the dimensions (either n, of the whole matrix, or n;,
of the clusters) as constants inside the O(ke). Since none of them exceeds a moderate number
times n?, we choose not to write them explicitly in order not to complicate further the error
bounds. However, the interested reader may find those corresponding to step 3 of Algorithm 1
explicitly stated in the proofs.

The error analysis is performed in the most general case when clusters of singular values are
present. This somewhat complicates the analysis, which is almost straightfoward in the simple
(and most likely case) of matrices whose singular values are distinct enough. The practical
criterion to decide when two singular values belong to the same cluster is also discussed in
detail.

This section contains the error analysis for Algorithm 1 using Algorithm 2 in step 3. How-
ever, it remains valid for Algorithm 1 using Algorithm 3 in step 3: this is trivially true for the
eigenvalues, since both versions of Algorithm 1 compute the same eigenvalues. It is also true for
the eigenvectors, due to the generality of the error analysis, which allows to use the new clusters
appearing in Algorithm 3.

We stress that the error analysis applies to the whole Algorithm 1, since it relies on the
backward multiplicative error formula (16), which absorbs the errors of the initial factorization
in step 1. Although we focus on the case when the RRD is computed with the error (9), which
ensures ||Ey|| = O(ex(X)) and ||[F¢| = O(ex(Y')), any other more general backward errors for
the factorization step can be trivially incorporated into the error analysis, as explained at the
end of §2.1.

In the rest of this section we only deal with the error in nonzero eigenvalues and the cor-
responding eigenvectors. If the original matrix is singular, the number of zero eigenvalues is
determined exactly, provided a RRD factorization fulfilling (9) is computed. As to the null
vectors, it can be shown that they can be computed with error O(e x(R') max{x(X),x(Y)})
using the method already described after Algorithm 2.2.

We begin by fixing our model for floating point arithmetic and the notation, essential ingre-
dients for any error analysis.

4.1 Model of arithmetic.

We use the conventional error model for floating point arithmetic:
fl(a®b) = (a®b)(1+9) (29)

where a and b are real floating point numbers, ® € {+,—, X, /}, and [§| < €, where € is the
machine precision. Moreover, we assume that neither overflow nor underflow occur. We stress
that the results proved in this section still hold under a weaker error model, valid for arithmetics
with no guard digit.

The error analysis below remains also valid for complex Hermitian matrices, since [17, Chap-
ter 3| the equality (29) continues to hold for complex numbers with ¢ a small complex number
bounded by |§| = O(e). However, in order to simplify the presentation we only consider real
symmetric matrices.
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Finally, we will commit a slight abuse of notation, denoting by £1(expr) the computed result
in finite precision of expression expr, instead of its rigorous meaning of the closest floating point
number to expr.

4.2 Notation.

Letters with a hat denote computed quantities appearing in any step of Algorithm SSVD. The
same letters without the hat denote their exact counterparts. It is assumed that the input of
Algorithm SSVD is a real symmetric n x n matrix A, for which a RRD factorization X DYT with
small multiplicative backward error (15) can be computed.

We assume that k different clusters iz of n; (n1 + ...+ ng = n) close singular values are
identified through criterion (28); thus, the usual decreasing order on singular values determines
the unknown exact clusters ;. The singular values of one particular cluster are supposed to be

different from the singular values of any other cluster. Given an index i € {1,...,k}, we define
S=s (30)
J#i

For each cluster Y; we take matrices U;, V; € R™*™ whose columns are, respectively, left and
right singular vectors corresponding to the singular values in 3J;. Recall that the singular values
in ¥; may be different, so both U; and V; will, in general, contain singular vectors corresponding
to different singular values. Therefore, the remarks in §3.2 apply.

Many nontrivial choices are possible for the exact quantities U;, V; if A has multiple singular
values in ;. In that case, the results proved in this section are valid for any possible choice of
U; and V;, provided their columns are singular vectors and not simply bases of the corresponding
singular subspaces.

4.3 Fundamental Lemma.

The following Lemma, which is a simple consequence of the fundamental perturbation Theorem
2.3 and the multiplicative backward error formula (16) for steps 1 and 2 of Algorithm 1, is the
starting point of our error analysis.

Lemma 4.1 Let ﬁz,‘z € R™ ™ pe the matrices of computed left and right singular vectors
corresponding to the cluster of singular values il computed by steps 1-2 of Algorithm 1 applied
to the symmetric matrix A. Let U;, V;, ¥; be their exact counterparts. Then, there exists an
exact orthogonal matriz P; such that

O(ke)

S AAZA (31)
relgap(¥;, ;)

VTP = T2+ Vi — Vi|2 <

with k given by (14).

Proof: Let U/, V' be the submatrices corresponding to iz of the exact orthogonal matrices
U’ and V' appearing in (16). Then, Theorem 2.3 applied to (16) guarantees that there exists
an orthogonal n; by n; matrix P; such that

O(ke)

P77
¢||U1-P@-—U;||%+||m—w||%=M“B Ul] <—29
F o relgap(S:, )

ViP,— V!
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Notice that

— ~ UiP; — U
VTP~ Tl + VP~ Vill3 = H VP T a
so the triangular inequality implies
~ = U.P; — Ul Ul - U,
P2 P — V2 < ET Lo
\/HUsz UzHF'i'HV;Pz VzHF— H[ Vz'Pi—Vi/ } F+ Vi/—Vi -

The last term in the right hand side of this inequality is O(e€) by (11). This concludes the proof.
[

Lemma 4.1 gives a forward error bound for simultaneous orthonormal bases of singular
subspaces which depends only on the high relative accuracy algorithm used to compute the
SVD (for instance Algorithm 3.1 of [7]), provided a RRD is properly computed. In other words,
it only accounts for errors corresponding to steps 1 and 2 of Algorithm 1.

The rest of the bounds obtained in this section, i.e. those corresponding to step 3 of Algo-
rithm 1, depend on the left hand side of (31), so it is convenient to define the quantity

K; = \/||UZ-P1-—UZ-||%+H%B—WII% (32)

for each cluster, and write all subsequent error bounds as a function of K;. This will allow us to
trace how each of the steps in Algorithm SYSSV contributes to the final error. From now on we
assume that all quantities K; for ¢ = 1,...,k are sufficiently smaller than 1, which, according
to Lemma 4.1, is the case whenever the clusters of singular values are properly chosen. More
precisely, all we need is that K; be small enough to make all bounds in §4.4 and §4.5 strictly
smaller than one.

4.4 Error bounds for eigenvalues and cluster criterion.

We begin by analyzing the error produced in the computation of trace(ViTUi) using the standard
inner product algorithm.

Lemma 4.2 Let (/J\Z,YZ € R™ ™ be the matrices of computed left and right singular vectors
corresponding to the cluster of singular values 3; computed by steps 1-2 of Algorithm 1 applied
to the symmetric matrix A. Let U;, V;, X; be their exact counterparts. Then,

f1( trace(£f1( XA/ZT(Z ))) — trace( VL U;)

IN

N (xfzK + If) +O(e)
O(ke)

relgap(S;, ;) 9
with k given by (14).
Proof: First observe that
£1( trace(£1(V,'U;)) ) — trace(VI'U; )| < ‘fl(trace(fl( VIU:))) — trace( VITU;)
+ ‘trace( VIU; ) — trace(ViTU; )| . (34)
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Taking into account that the norm of the columns of U; and V; is close to one by (11), a
straightforward error analysis [17, Chapter 3] shows that the first term in the right hand side of
inequality (34) is n;(n + n;)e + O(€?). If P; is the orthogonal matrix appearing in Lemma 4.1,
the last term fulfils

trace( XA/ZTT?Z ) — trace( VI U;)

= ‘trace( ‘ZTLA/} ) — trace( PLVIU; Py )

ng

i 2
< Vi | S| (VT - PIVIUR ]
k=1
< Vi |[V'U; — (VP)TUP . (35)
Now define matrices A, and A, such that
Ui=UP+ Ay and V;=ViP, + A, (36)

Combining (35) and (36) yields
race( 070, — trace(V7U)| < Vi (18l + 187 + 18l Al ).

where we have used that ||CD||r < ||C]2||D||F for any matrices C, D, together with the fact
that the spectral norm of any matrix with orthonormal columns is one. Finally, setting K; =

\/ [Aull% + ||Ayl|% as in (32), we obtain, after some direct manipulations, the desired result. m

Notice that trace (ViTUi) may only take the integer values —n;, —n; +2,...,n; —4,n; — 2, ny,
since V;I'U; is symmetric and orthogonal. Thus, it is sufficient that the error bound in (33) be
less than one to compute exactly the value of trace (VZTUl) This can be done obtaining ¢;, the

nearest integer to £1( trace( £1( TZTU} ))) with the parity of n;. Then, the integer computation
(with integer variables) of (n;—t;)/2 yields n; , the exact number of negative eigenvalues included
in the cluster ¥; of singular values. The exact number of positive eigenvalues is obtained from
the integer computation of n; — n; .

(A
We stress that the conditions

£1(trace(f1(V U;))) — trace( VLU )| <1 i=1,... k, (37)

which ensure that signs are correctly assigned, determine the cluster criterion to be used in
Algorithm SYSSV. Giving a rigorous criterion would require an exact knowledge of the constants
involved in the big-O bound in (33), which in any case are too pessimistic in practice. Instead,
we consider that the singular values in each cluster S satisfy

relgap(%;, /X\J;) ~ relgap(3;, 5;) > Cer(R') max(k(X), x(Y))

for a suitable constant C'. This can be obtained by imposing that two contiguous singular values
0j > 0j41 belong to the same cluster whenever

G — G

‘J/\ijm < Cke,
g3
i.e. whenever condition (28) above holds. Choosing a large C' ensures (37) and, as a consequence,
that the number of positive/negative eigenvalues is correctly computed. However, a large value
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for C favours the mixing of different singular values in the same cluster and, since the signs are
assigned more or less randomly within each cluster, the error bound in the eigenvalues becomes
roughly the product of C' times the bound in the singular values. Therefore, the choice of C
is subject to a certain trade-off. A sensible choice might be choosing C' between 1 and 10. All
the numerical experiments in section 6 have been done with C' = 1 and the results are very
satisfactory.

In any case, notice that, on one hand, the singular values are computed with the accuracy
given by (16) and Theorem 2.2. On the other hand, their signs as eigenvalues of A are correctly
assigned whenever the bound (33) is less than one. Hence, we have proved the main result of
this subsection:

Theorem 4.3 Let A be a n X n real symmetric matriz for which it is  possible to compute a
RRD fulfilling (9). Let \y > ... > A\, be the eigenvalues of A and )\1 > ... >\, be the
approximations to the eigenvalues of A computed by Algorithm SSVD. Let UZ7 V € R™ ™ be the
matrices of computed left and right singular vectors corresponding to the cluster of computed
singular values ¥;, and let U;, Vi, ¥; be their exact counterparts. Assume that all clusters have
been chosen according to (28), so that conditions (37) hold. Then

A = Ajl = [Aj] O(er(R) max(k(X),s(Y)))  j=1,...,n (38)

The error bound (38) holds even for zero eigenvalues, since the ezxact number of zero eigen-
values of A is known once a RRD factorization satisfying (9) is available.

4.5 Error bounds for eigenvectors.

In this section we obtain bounds on the distance between bases of invariant subspaces. Although
it is more usual to bound the sines of the canonical angles between the exact and the computed
invariant subspaces [26], we choose to compare the bases themselves because, as explained before
Theorem 2.3, bases play an essential role both in Algorithm SYSSV and in its error analysis.
However, usual sin © bounds easily follow from Theorem 4.7, since distances between bases and
canonical angles between subspaces are closely related [26, Theorem 1.5.2, Theorem I1.4.11] and
the same bounds hold for both, up to a factor v/2 in Frobenius norm.

One important issue in the subsequent analysis comes from step 12 of Algorithm 2.2 in
which the n; x n; matrix VTU is orthogonally diagonalized for each cluster E Lemma 4.1
shows that the matrices UZ, V- of computed singular vectors are not reliable approximations of
the matrices of exact singular vectors U;, V;, but just reliable approximations of U; P; and V; P;,
with P; the unknown n; X n; orthogonal matrix in Lemma 4.1. Hence, we are forced in practice
to diagonalize approximations to matrices PZ-TViTUZ-Pi. Next Theorem in exact arithmetic shows
that this is enough to get orthonormal bases of invariant subspaces, although not for obtaining
eigenvectors.

Theorem 4.4 Let A be a symmetric n x n matriz and U;, V; € R™™ be matrices of left and
right singular vectors of A corresponding to a cluster of nonzero singular values ¥;, different from
the rest of the singular values of A. Let P; be any n; X n; orthogonal matriz, and consider any
orthogonal diagonalization of the n; xn; orthogonal and symmetric matriz PiTViTUiB partitioned
as

I+ 0

PZTViTUil%:[WiWZ-J[ o _1_

] wirwTn, (39)
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where Is denotes the s X s identity matriz and n:r +n; = n;. Then the columns of VZP,VVZJr
(resp. V;P;W.”) form an orthonormal basis of the invariant subspace of A corresponding to the
positive (resp. negative) eigenvalues whose absolute values are in %;.

Proof: Without loss of generality we may consider the SVD of A partitioned in only two
blocks,

1 0

A = [U,U:)] [ -

| mavar (o)
where no special order is assumed on the singular values. Here Y1 corresponds to the cluster 3;
to be studied and ¥ to the remaining ones ¥; defined as in (30). The matrix P; will be denoted
just by P, and the matrices WijE in (39) by W.

As mentioned in § 3.2, VITUl is orthogonal, symmetric and block diagonal with the size of
the blocks fixed by the groups of equal singular values inside ¥;. The matrix VI U;%; is also
symmetric with the same block diagonal structure of V;'U;. An orthogonal diagonalization
for each block of V;T'U; leads to an orthogonal diagonalization of the full matrix ViU with
eigenvectors which are also eigenvectors of VITUlEl. In this situation, the eigenvectors of VITUl
corresponding to the eigenvalue 1 (resp. —1) are the eigenvectors of VlTUl Y1 corresponding to
positive (resp. negative) eigenvalues with absolute values in 3. From this we deduce that the
invariant subspaces corresponding to positive (resp. negative) eigenvalues of matrices PTV1TU 1P
and PTV'U;31 P coincide. Once this is taken into account, the rest of the proof reduces to
some easy block manipulations.

Combining (40) and Vi U; = 0 from (24), we obtain

VT
AVIP = U X1 P = [1V3) [ V;T } U1 P = Vi P(PTVIU 2, P). (41)
Splitting the spectrum into positive and negative eigenvalues, we orthogonally diagonalize

rrvivme =i | B p | e

and from (41) we obtain
A(ViPQy) = (ViPQ4+)Dy and A(VIPQ-)=(ViPQ-)D_. (42)

Now, we know that col(Q+) = col(W4), and since the columns of @+ and W are orthonormal,
there exist square orthogonal matrices T+ such that W1 = Q+T4%. Combining this and (42) we
obtain

A(ViPWy) = (ViPWy) (TEDLTy ),

which proves the Theorem. ]

Once the previous Theorem has been proved, the rest of the section is organized in the
following three steps:

1. Although Lemma 4.1 guarantees that ﬁl and 171 are close to U; P; and V;P;, provided the
clusters have been properly chosen, this does not mean that AZ = fl(\A/Z-T[Z-) in step 11
of Algorithm 2.2 is symmetric. Let §Z be the symmetric matrix obtained by replacing the
upper triangular part of 31 by its lower triangular part. Lemma 4.5 bounds the difference
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between S’\l and the exact symmetric matrix PiTViTUiPl-. Notice that if any driver routine
of LAPACK [1] for the symmetric eigenvalue problem is used in step 12 of Algorithm 2.2,
just the upper (or lower) triangular part of ﬁl is stored. Hence, the symmetrization step
does not require any additional work.

2. Lemma 4.6 relates the computed orthogonal eigendecomposition of §Z with an exact eigen-

decomposition of PTV.'U;P;. Tt is shown that exact matrices W= in (39) can be chosen

close enough to the corresponding computed matrices Wii in step 12 of Algorithm 2.2.

3. Finally, the main Theorem 4.7 bounds the difference between the nxni matrices fl(Vi/Wii)
computed in step 13 of Algorithm 2.2 and some orthonormal bases of exact invariant
subspaces of A. This result is a simple consequence of Lemma 4.1 and Lemma 4.6.

The bottom line after these three steps is that step 3 of Algorithm 1 produces errors of the
order of K, the quantity defined in (32), whose upper bound (31) depends only on the errors
in steps 1 and 2 of Algorithm 1.

Lemma 4.5 Let (,Afl,‘A/Z € R™™ be the matrices of computed left and right singular vectors
corresponding to the cluster of singular values ¥; computed by step 1-2 of Algorithm 1 applied
to the symmetric matriz A. Let U;, Vi, 3; be their exact counterparts. Let S; be a symmetrization
of the floating point matriz A; = £1( V;-TUi) obtained by replacing the upper triangular part of
A; by its lower triangular part, or viceversa. Then an orthogonal n; X n; matriz P; exists such
that
K2
2K; + —%= 4+ O(e
50
O(en(R') max(x(X), k(Y)))
relgap(i, ;)

I1S; — PV U B ¢

IN

Proof: First observe that
I18(V'T;) — PEVIUR | p < I8(VTT;) = VUil p + |V Ui — PEVI U P |

where P; is the orthogonal matrix appearing in Lemma 4.1. Standard error analysis of usual
matrix multiplication [17], and the fact that the columns of U; and V; are almost orthonormal
by (11), shows that the first term of the right hand side of the previous inequality is bounded
by nnie + O(e?). The last term can be bounded as in the proof of Lemma 4.2, so we obtain

o~ K2
IR(VT0i) = BV UiRlr < (V2EK; + =5) + O(e).

We write fl( YA/ZT(Z ) = L+ D+ R as the sum of its strict lower triangular part, its diagonal part

and its strict upper triangular part. The same is done for the symmetric matrix PiTViTUiPi =

L+ D+ L", so the previous equation yields

= = = 2
VIE+D) — (L4 D)+ 1B~ LT% < (VaK: + 55) + 0(e). (44

The same inequality holds for \/HZ — L|j% + |ID+R—(D+ LT)||%. On the other hand

1S = PTVIUPI g = \/I(E + D) — (L + D)|% + | I — LT3,

21



Combining this equation with (44) proves the Lemma. [

Errors in the diagonalization step 12 of Algorithm 2.2 are now analyzed. Notation and
definitions of previous Lemma are used.

Lemma 4.6 Let WZ&WIT be the computed orthogonal spectral decomposition of the symmetric
n; X n; matriz S; using any LAPACK subroutine for the symmetric eigenproblem [1, § 2.3.4.1].
Then, there exists a matrix E;, an orthogonal matrix Z; and an orthogonal matrix P; such that

PIVIUP, + E; = Z A ZT (45)

where
2

_ K-
|Z; — Will2 < O(e) and ||Ei||r <2K; + —% + O(e). (46)
V2
Moreover, if Wf (resp. /VI?[ ) is the submatriz of Wl with columns corresponding to the positive
(resp. negative) elements of A;, then there exist matrices W, , W, fulfilling (39) such that

W= WiElr < 22K+ K2+ 0(e)
_ O(er(R') max(k(X), k(Y))) (47)
relgap(S;, ;)

Proof: Using the results in [1, §4.7.1] we see that there exist an orthogonal matrix Z; and a

matrix E/ such that
S;+ Bl = Z;\Z) (48)
where . R
1Zi = Willa < O(e) and  [|Ejll2 < O(e)[|Sil2-

Let P; be the orthogonal matrix appearing in Lemmas 4.1 and 4.5. The spectral norm of
the orthogonal matrix PIV.I'U;P; is equal to one, so (43) implies [|S;[l2 = 1 + B, with |g] <
2K; + K?/v/2 + O(e). Thus ||E!||2 = O(¢). Now, expressions (45) and (46) are easily proved
using Lemma 4.5, noting by (48) that

PIVIUP + S; — PTVIUP, + E} = Z;A Z],

and defining
E;=58;— P'VIU,P, + E.

We finally prove (47): let W be matrices fulfilling (39) and Z;% (resp. Z; ) be a submatrix
of Z; corresponding to the positive (resp. negative) elements of KZ We assume that K; is small
enough to imply || E;||2 < 1, so the eigenvalues equal to 1 (resp. —1) of P V;I'U; P; remain positive
(resp. negative) in Kz This can be seen by applying Weyl’s eigenvalue perturbation theorem
to (45) (see for instance [26, Corollary IV.4.10]). Thus, Davis and Kahan’s sin © theorem for
variations of invariant subspaces of Hermitian matrices [5] applied to (45) leads to

) Ei|llr
oW, ZN|r < |2 < ||E; 49
| sin OV, 20k < — 2 = < Bl (49)
n<0
,U/GA/L'
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where the matrix ©(W;", Z) is the matrix of the canonical angles between the column space of
W;" and the column space of Z; . Theorem I1.4.11 in [26], (49) and (46) show that it is possible
to choose W, such that

W= ZHe = \JllsinOW;, Z) 2 + 1] - cos O, Z) 2
< V2| sinOW;, ZF)|p
< V2||Ei|F
< 2V2K; + K2 + O(e). (50)

Similar results hold for W,” and Z, . We finish the proof by noting that

(A
7+ + 7+ + + +
sz _Wi HF < ”Wz _Z@' HF—I_HZz _Wi HF

The first term of the right hand side is O(e) by (46), and the second one is bounded in (50). m

We conclude with the main result on rounding errors for eigenvectors computed in step 13
of Algorithm 2.2. Previous notation and definitions are used.

Theorem 4.7 Let A be a n X n real symmetric matrix of rank r for which it is possible to
compute a RRD fulfilling (9). Let iz be a cluster of nonzero computed singular values of A
using steps 1-2 of Algorithm 1 and X; be the corresponding cluster of exact singular values.
Then there exist matrices Qj and Q; , whose columns form orthonormal bases of the invariant
subspaces of A corresponding, respectively, to the positive and negative eigenvalues of A with
absolute values in ¥;, such that

IFL(ViW) - Qf lr < (2V2+ 1)(K; + K2) + K} + O(e)
_ O(en(R) max(x(X), x(Y))) (51)
relgap(3;, ;) ’

(2

with and equal bound for ||£1( YA/I/VIZ_ )—Q; ||lF.

Moreover, let Q = [fl(ﬂWf’) fl(fle;) fl(ka;)fl(?ka_ )] be the n x r matriz
whose columns are the bases of all considered invariant subspaces of A computed using Algorithm
1. Then there exists an n X r matriz B with exact orthonormal columns such that

|Q = Bllr = OCe). (52)

_ Proof: Let 177, be the matrix of computed right singular vectors corresponding to the cluster
>, and V; its exact counterpart. Let Wii, WijE and P; be the matrices appearing in Lemmas 4.6
and 4.1. By Theorem 4.4, the columns of Q;r = V}Pin and Q; = V;P,W,” are orthonormal
bases of the invariant subspaces of A corresponding, respectively, to the positive and negative
eigenvalues of A with absolute values in ;.

Note also that

I£L(V;WE) = ViPWE|p < [IE1(V;WE) = ViWE|p + [VWE -~ ViBWE|[p.  (53)

The first term of the right hand side is bounded by n; 1/n; njt € + O(€?) using the standard

error analysis of usual matrix multiplication [17] and the fact that the columns of V; and /VIZ-i
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are almost orthonormal by (11) and (46). For the second term we proceed as follows: define
matrices A, and AE by

Vi=ViPi+A, and WF =W +A%
where ||A,||r < K; by (32) and ||AL | < 2v2K; + K2 + O(¢) by (47). Thus

[ViWE - VibWEr < [Allr+ 1AEIF + 1A FIAE|F
< (2V2+ 1)(K; + K?) + K} + O(e).

Combining this with (53) proves (51).
Finally (52) follows from the well-known fact that finite precision matrix multiplication of
matrices with columns orthonormal up to O(€) yields a matrix with columns orthonormal up to

O(e). [ ]

As announced in the Introduction, the eigenvector error bounds we derive suffer from an
important drawback: they depend on relgap (22) between singular values which is less than
or equal to the natural relative gap between eigenvalues, the one expected for the symmetric
eigenproblem. This is an unavoidable consequence of the non-symmetric character of Algorithm
SSVD. This drawback, however, can be partially solved applying Theorem 4.7 to certain new
singular value clusters chosen as described in section 5.

It is worth observing that Theorem 4.7 does not guarantee that the columns of the matrices
f l(‘Aszf) computed by Algorithm SSVD always approximate eigenvectors of A. This can only
be ensured in three cases: when there is no cluster (n; = 1), when all eigenvalues in the cluster
have the same sign, or when the cluster contains eigenvalues of both signs with either n:r =1
or n; = 1. In this last case, either fl(‘AfiW{F) or fl(‘zﬁ\/{) approximates an eigenvector of
A. In any other situation, the columns of fl(‘A/in) do not approximate eigenvectors, but
just orthonormal bases of the invariant subspaces of A corresponding to either the positive or
the negative eigenvalues with absolute values in the cluster. However, provided the clusters of
singular values are chosen according to criterion (28), this does not represent any drawback,
because the eigenvectors in the corresponding invariant subspaces are computed by any sym-
metric eigensolver (including the J-orthogonal algorithm [27, 23]) with large errors due to the
presence of very small relative gaps between the eigenvalues inside the clusters. No need to say
that the J-orthogonal algorithm also computes accurate bases of invariant subspaces, due to its
backward stability.

We conclude with an interesting remark concerning the discussion in the previous paragraph.
Consider, for simplicity, that according to criterion (28) a cluster of two singular values, one
corresponding to a positive eigenvalue and the other to a negative one, has been found. Then the
bound in Theorem 4.7 implies that Algorithm SSVD computes both eigenvectors with an error
governed by the relative gap between the cluster and the singular values outside the cluster.
This can be much larger than the relative gap between the singular values inside the cluster.
Thus, the presence of clusters reduces the errors in the computed eigenvectors. We will take
more advantage of this property in Section 5.

5 Computing more accurate eigenvectors

The error in the eigenvectors computed by Algorithm 2 (SYSSV) is governed by the singular value
relative gap (see Theorem 4.7), which is less than or equal to the natural eigenvalue relative gap.
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In this section we propose an alternative algorithm to SYSSV which computes eigenvectors with
the error (10) announced in the Introduction. As we will see, the underlying idea is very simple
and does not require a new error analysis, but just taking advantage of the generality of the error
analysis in section 4. Let us remark that the eigenvalue computation (Steps 1-2 in Algorithm
2) will stay the same, in this section we will only modify the computation of the eigenvectors.
The general case, when clusters of singular values of arbitrary dimension are present, will be
considered.

First, note that in Algorithm 2 the eigenvalues are computed before computing the eigen-
vectors. The relative error in the eigenvalues is of order O(ex(R') max(x(X),~(Y))) provided
the clusters are chosen according to criterion (28). A second important remark is that the error
analysis performed in section 4 for the eigenvectors is independent of the error analysis for the
eigenvalues, both being valid under the hypothesis that the quantities K; defined in (32) are
sufficiently smaller than 1. As Lemma 4.1 shows this is achieved by defining clusters which
yield large enough relgap(%;, i;), but whenever this condition is fulfilled different clusters, i.e.
different K;, can be chosen to compute the eigenvectors using Algorithm 2.2. Theorem 4.7 still
applies and will provide a smaller error bound whenever the new clusters for the eigenvector
computation have larger relgaps than the ones chosen according to (28).

The underlying idea is very simple: Let ¥; be one of the singular value cluster chosen ac-
cording to (28), and let A; (resp. A; ) be the corresponding clusters of positive (resp. negative)
eigenvalues with absolute values in ¥;. Then relgap(%;, i;) can be much worse than the mini-
mum of the two eigenvalue relative gaps associated to ¥; only in the case in which ¥; is signed
(all the eigenvalues of the same sign), and the closest (in the relative sense) cluster to ¥;, let
us say (), is oppositely signed. With no loss of generality it can be supposed that 3; = Aj,
therefore Xy ;) = —A;(i). If 3; and X; are joined to form a new cluster {AS, _Ac_l(i)} with
a larger relgap, the bound (51) will improve separately for the bases of exactly the same two
invariant subspaces associated with A;" and A;(i), calculated by Algorithm 2.2 applied to the
new set of clusters. Therefore, nothing is lost by merging clusters of this kind and the error
bound (51) can improve by joining close adjacent clusters in such a way that relgap increases.

The whole idea can be summarized in the following algorithm, alternative to SYSSV:

Algorithm 3 (SYSSVR)
Input: Singular value decomposition of a symmetric matrix A=UXVT.
Output: Eigenvalues A = diag[\;] and eigenvectors Q = [q1...q.]; A= QAQ”.

1. Decide the singular value clusters, {%;, U, Vi}f:l, according to (28).
2. Calculate the eigenvalues using Algorithm 2.1.

3. Use Algorithm 3.1 in §5.2 to merge, when necessary, some pairs of clusters

to form a new set {%;, U;, Vi}\_, of clusters, according to the strategy developed

in this section.

4. Calculate the eigenvectors using Algorithm 2.2 on the new set of clusters.

We will show in this section that Algorithm 3 (SYSSVR) guarantees that the error in the
computed basis of the invariant subspace corresponding to each cluster of eigenvalues A; of the
symmetric matrix A is smaller than

O(er(R') max(k(X), £(Y))) (54)
min{relgap(A;), relgap(A)}
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where the eigenvalue relative gap in the denominator corresponds, either to the cluster /A\l under
consideration, or to the cluster A;) whose eigenvalues have different sign, but are the closest
(in relative sense) in absolute value. This result will be proved in Theorem 5.12 and generalizes
to invariant subspaces the error bound (10) appearing in the introduction for eigenvectors.

The rest of this section is organized as follows: some relationships between eigenvalue and
singular value relative gaps are proved in §5.1. This is necessary if (54) has to be proved using
Theorem 4.7, which only deals with singular value relative gaps. First we show in Theorem 5.5
that in the case of an unsigned cluster (a cluster containing singular values corresponding to
positive and negative eigenvalues), the singular value relative gap of the cluster is not worse,
up to a moderate constant, than an eigenvalue relative gap. Theorem 5.6 proves that this also
happens to the relative gap of a signed cluster if the closest cluster is not signed of the opposite
sign. Thus for clusters of these two kinds (54) holds, and it is not necessary to join them to any
other cluster.

In the rest of subsection 5.1 we will study the case of a signed cluster whose closest cluster is
oppositely signed. In all the theorems it will be supposed that the singular value relative gap is
sufficiently smaller than the eigenvalue relative gap, otherwise it is trivial that (54) is reached.
With these assumptions (54) is always achieved, either by joining clusters if the singular value
relative gap improves (Theorem 5.7), or if not, by doing nothing (Theorem 5.9). Finally Theorem
5.10 proves that it is not neccesary to join more than two clusters. Let us remark that only in
the case of the hypotheses of Theorem 5.7 something different than Algorithm 2 has to be done
to get (54).

With these results at hand, in subsection 5.2 we will implement a routine (Algorithm 3.1)
that joins singular value clusters, previously chosen according to (28), following the strategy of
the theorems in subsection 5.1. Then to these new clusters Algorithm 2.2 is applied and Theorem
5.12 proves that (54) will be achieved for the computed bases of the invariant subspaces.

Here, as in Section 4 only clusters of nonzero singular values will be considered. Apart from
the reasons stated in Section 4, it should be remarked that a cluster of zero singular values is at
the same time a cluster of zero eigenvalues, and both its eigenvalue and singular value relative
gaps are equal to 1. Thus for such cluster an error bound O(ex(R’) max(k(X),x(Y))) holds,
which is better than (54). Moreover a cluster of zero singular values is as far as possible, in
relative distance, from any other cluster, thus joining it to other cluster makes no sense.

5.1 Eigenvalue versus singular value relative gaps.

Throughout this section we consider a set of real numbers A = {\1, ..., A\, } decreasingly ordered,
ie, A\ > ... >\, and the set of their moduli, ¥ = {o1,...,0,} also in decreasing order, i.e.,
01> ...> 0, >0. Let II be the index permutation such that o; = |/\H(,~)|. Whenever we con-
sider a subset ¥1 = {041,0i12,...,0i14, } of ¥ we will denote by A1 = { A1), - - -5 AMti(igdr) }
the corresponding subset of A; moreover we will called Af (resp. A]) the set of positive (resp.
negative) elements of Aj. It is worth to think in A and ¥ as being, respectively, the set of eigen-
values and singular values of the real symmetric matrix A studied in Section 4, but notice that
the following results are proved using only elementary properties of real numbers without any
reference to spectral properties. Thus, the proofs of the theorems appearing in this subsection
are all of them elementary but sometimes long and involved, mainly due to dealing with clusters
containing more than one element. By this reason, we postpone the proofs to Appendix B, and
only those of the more intricate results, Theorems 5.7 and 5.9, will be explained, the rest are
similar.

Our definitions of relative gaps, see (4) and (8), are convenient and appealing in numerical
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analysis but the lack of symmetry in relative errors of the type |0 — 0;|/0; is unpleasant from
a mathematical point of view and complicates somewhat the statement of the results (see more
on these questions and definitions of true relative mathematical distances in [19, 20]). In this
sense, an effort to state the theorems with the idea of being applied to develop Algorithm 3.1
has been done.

We begin by a general definition of cluster:

Definition 5.1 Let C; be a real number such that 0 < C; < 1. The subset ¥y = {0it+1,0i42, .-, 0itd, }
of X is called a cluster of tolerance Cj if

1. (O’j—O'j+1) < C’laj for j=i+1,...i+d —1,

2. (0; — 0ir1) > Cio; and (0itd, — Titdy+1) > Ci0ita,, whenever all the labels belong to
{1,2,...,n}, otherwise the corresponding inequality does not appear in the definition.

Notice that in case of a cluster of dimension 1 (d; = 1) the first condition is empty. Notice
also that this definition includes the clusters of singular values chosen in Algorithm 2 SYSSV ,
according to criterion (28), for C; = ex(R') max{k(X),x(Y)}. The condition C; < 1 appearing in
Definition 5.1 is necessary, otherwise the whole set ¥ would be always a trivial cluster, indepently
of the distribution of its elements.

Now we define relative gaps for subsets of A and Y. For the sake of simplicity we will only
use one argument.

Definition 5.2 Let Ay and X1 be any subsets of, respectively, A and X. We define the following
relative gaps for both subsets:

1.
|>‘q - )‘k’
Ao) =
rg(A2) i
q 2
2.
relgap(As) = min{rg(Az), 1}.
3.
rg(X1) = min M.
et Ok
e PT
4.

relgap(31) = min{rg(3,), 1}.

Given a subset ¥ of 3, the relationship between the relgap(3;) appearing in the definition
5.2 and relgap as defined by (22) and (20) is

relgap(¥1) = relgap(X1, 1), (55)

where the notation introduced in (30) has been used. Similar comments apply to rg defined in
(20) and rg defined above. Although relgap(31,¥1) is the relative gap appearing in the error
analysis of Section 4, we have found it simpler, both from a theoretical and computational point
of view, to deal with relgap(¥;), which has the elements of the cluster being analyzed in the
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denominators of the relative errors®. Both choices are equivalent, as shown in (23), and, on the
other hand, it is possible to reformulate Theorem 2.3 using relgap(%;).

The error bounds for invariant subspaces computed using the J-orthogonal and SSVD algo-
rithms are controlled by the relative gaps relgap, of eigenvalues and singular values respectively,
in the previous definition (see Theorem 4.7 and [23, p.7]). However in the following it is simpler
and more general to use the relative gaps rg. At the end of this section it will be shown that
theorems obtained for rg imply easily results for relgap.

We start with this simple Lemma:

Lemma 5.3 Let 31 = {0i41,0i42, .., 0itd, } be a subset of consecutive elements of ¥.. Then

.0y = Oitl Oitdy — Oitdi+1
Tg(zl) — min v i+ 7 1+dy it+d1+ 7
Oi+1 Oj+dy

where if the index i or i+ di + 1 does not belong to {1,...,n} the corresponding term does not
appear in the minimum.

This lemma allows a natural definition of the closest cluster to ¥1 in the relative sense

Definition 5.4 Let ¥y = {0i+1,0i42,...,0i+d, } be a cluster of tolerance Cj, we define its
relative closest cluster Y1) as the cluster of tolerance C; containing o; if rg(X1) = (0; —
0i+1)/0it1, or the one containing oirq,+1 if 79(X1) = (Citdy — Citdy+1)/Titdy -

It is seen from Lemma 5.3 that, with the possible exception of the cluster containing the
smallest singular value, rg(X1) < 1 and then rg(X;) = relgap(¥X1). Obviously the last equality
also holds whenever rg(X1) < 1, a condition appearing frequently in the results of this section.

Our first result deals with the case of clusters containing singular values corresponding to
positive and negative eigenvalues. This theorem shows that in this case the singular value
relative gap of the cluster is not worse, up to a moderate constant, than an eigenvalue relative
gap. Thus for clusters of singular values of this kind (54) holds, and it is not necessary to join
them to any other cluster.

Theorem 5.5 Let 31 be a cluster of singular values of tolerance C; with di elements such that
(dp —1)C; < 1, and assume that Ay contains both positive and negative elements. Then

) _ 1 (di—1)C
min{rg(Af), rg(A7)} < m (1 + 7"9(21)) rg(X1).

First, notice that Theorem 5.5 greatly simplifies in the case of one-dimensional (d; = 1)
clusters. However some remarks about the bound in previous theorem are in order when d; > 1.
The assumption (d; —1) C; < 1 is fulfilled for clusters of any size if we demand C; < 1/n; this is
really very mild because the clusters are chosen in practice according to (28) with C' = 1, i.e. C; =

ek(R ) max(k(X),(Y)), which is smaller than 1/n for moderate values of max(x(X), x(Y)).
This has led us to set in the numerical experiments

C; = min{ex(R') max(x(X), k(Y)),1/n}. (56)

With this choice the factor 1/(1 — (di — 1) C}) is always less than n, but it is just a little
greater than 1 when Cj &~ e. The presence of the ratio Cj/rg(X;) may look odd because we are

Notice that notation similar to the definition 5.2 has already been used in the Introduction (see (4) and (8)).
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bounding precisely the quotient min{rg(A), rg(A7)}/rg(31), however notice that Definition
5.1 and Lemma 5.3 imply

Cr<rg(¥1) and C) < relgap(Xy). (57)

The ratio Cy/rg(X1) is kept in the bound because C; < rg(X;1) may often happen. It is conve-
nient to bear in mind that these remarks also hold for the bounds appearing in the next theorems
of this section.

Now we consider a signed cluster whose relative closest cluster has at least one singular value
corresponding to an eigenvalue with the same sign. In this situation, next theorem shows that
the singular value relative gap is equivalent to the eigenvalue relative gap up to a moderate
constant.

Theorem 5.6 Let X1 be a cluster of singular values and g its relative closest cluster having
do elements, both of tolerance Cj. Let all the elements of A1 have the same sign and at least one
element of Ao have the same sign as those of Ay. If (d2 — 1)C; < 1, then

2 (de — 1) C)
1—(dy—1)C relgap(21)> rg(3).

Theorems 5.5 and 5.6 guarantee that, in order to obtain (54) for all the singular value
clusters, we only need to deal with signed clusters whose relative closest cluster is oppositely
signed. This will be the setting for the rest of the section. The following theorem proves that
under mild conditions joining clusters of this kind leads to (54).

rg(Ar) < <1+

Theorem 5.7 Let 31 be a cluster of di elements and Yo its relative closest cluster, having ds
elements, both of tolerance C;. Suppose that all the elements of A1 have the same sign, and
all the elements of Ao have the opposite sign. Moreover assume that (d — 1)Cy < 1, where
d =max{dy,ds}. If rg(X1) <t <1 and

rg(X1 U X)) > min{rg(X),rg(X2)} (58)

then

1 n 1 (d—1)C
— 1) C 1-— (d — 1) C Tg(zl U 22)

min{rg(A1), rg(A2)} < N <1 + 1—-(d

3 U X9).
- >?”g(1U 2)

The assumption rg(X;) < t < 1 means that only singular value clusters whose relative
gap are small enough need to be joined to other cluster in order to obtain (54). In practice
we have set t = relgap(A1)/2. Therefore, if rg(X1) > t, the bound in Theorem 4.7 leads
trivially to (54). The assumption (58), rg(3; U X2) > min{rg(Xi),rg(X2)}, is imposed to
guarantee that by joining clusters »; and ¥, when computing bases of invariant subspaces
some improvement is achieved in the bound in Theorem 4.7. In this regard one may wonder
what happens with max{rg(2;),rg(X2)}, i.e. how much can the bound (51) worsen for the
cluster with the maximum relative gap when ¥; and 3 are joined? Next Lemma shows that
no significant worsening may happen.

Lemma 5.8 If both (58) and rg{¥1} <t <1 are fulfilled, then

rg(X1U X9)

max{rg(¥1),7g(32)} < 1—¢
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Notice that the difference between the maximum and the minimum of {rg(3;),rg(X2)} in
this case is again a consequence of the lack of symmetry of the relative error.

In order to obtain (54) for all the clusters we have to prove that if ¥; and its relative closest
cluster X9, defined as in Theorem 5.7, do not fulfill (58) they will not be joined because ¥; has
a singular value relative gap not worse, up to a moderate constant, than either its eigenvalue
relative gap or the eigenvalue relative gap of s. This is the goal of the next theorem.

Theorem 5.9 Let 31 be a cluster of di elements and Yo its relative closest cluster, having do
elements, both of tolerance C;. Suppose that all the elements of A1 have the same sign, and
all the elements of Ao have the opposite sign. Moreover assume that (d — 1)C; < 1, where
d = max{dy,ds}. If rg(X1) <t <1 and

rg(X1UXs) = min{rg(X1),r9(X2)}, (59)

then

1 1 1 (d—1)C;

min{rg(Ar), rg(A2)} < 77— <1 T W@-0)G 1= @d=1)C g > rg(®1)-

Observe that hypothesis (59) is simply the negation of (58) because always rg(¥X; U Xg) >
min{rg(X1),rg(X2)}.

Although similar, the bounds appearing in Theorems 5.7 and 5.9 are different in the following
sense. While in Theorem 5.7 min{rg(A1), rg(A2)} ~ rg(X; UX2) holds always, in Theorem 5.9
min{rg(Ai1), rg(A2)} < rg(31) might happen. Thus the error bounds obtained replacing in
(51) rg(X1) by min{rg(A1), rg(A2)} may be pessimistic in the conditions of Theorem 5.9.

Our last result shows that in order to obtain (54) unions of more than two clusters are not
necessary. In the following Theorem three clusters are considered. Two of them satisfy the
assumptions of Theorem 5.7, and the third cluster may be a candidate to join to the others.
In this situation it will be proved that the relative singular value gap for the third cluster is
equivalent, up to a moderate constant, to its eigenvalue relative gap.

Theorem 5.10 Let X1 and X9 be clusters satisfying the hypotheses of Theorem 5.7. Let %3 be
another cluster, of tolerance Cj, with all the elements of A3 of the same sign and rg(33) < t3 < 1.
If 31 (resp. ¥9) is the relative closest cluster to X3, and all the elements of As have sign opposite
to those of A1 (resp. A2), then

1 1 l+ts  (d—1)C
(I-0)1—t3) 1=(d—=1)C 1o (d—1)C; rg(X3) ) ro(Zs)

rg(As) < <1+

As announced after Definition 5.2, all the bounds appearing in this section remain true if
every rg is replaced by the corresponding relgap. This is easily understood as follows: the left
hand sides of the inequalities decrease if the rg’s are replaced by the relgap’s, and the new left
hand sides are smaller than or equal to 1. The factors which multiply the rg¢’s appearing in
the right hand sides are all of them greater than or equal to 1, and increase when quotients of
the kind Cj/rg are replaced by Cj/relgap. Thus the left hand sides are bounded simultaneously
by 1 and by some factor greater than or equal to 1 times the corresponding rg. Then they
are bounded by the factor times the relgap. Also notice that for testing the assumptions in
the results in this section, it is equivalent to use rg’s or relgap’s. First, it is trivial to see that
rg(X1) < t < 1if and only if relgap(¥;) < t < 1. Second, in testing the condition (58), the
following elementary Lemma holds:
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Lemma 5.11 Let

Y1 ={0i41,0i42, -, Tixar} » D2 = {0itdi+1, Citdi 42>+ Titdi+ds }
be any pair of consecutive clusters of nonzero singular values of tolerance Cy. Then

1. rg(X1 UX9) = min{rg(31),rg(X2)} if and only if
relgap(X1 U Xa) = min{relgap(X;), relgap(X2)}.

2. rg(X1UX92) > min{rg(X1),rg(X2)} if and only if
relgap(31 U 32) > min{relgap(X;), relgap(X2)}.

The key fact to prove this simple Lemma is that rg(21) < (0i4da; — Citdy+1)/Titd, < 1,
thus the 1 appearing in the relgap’s does not play any role. Taking into account that always
rg(X1UX2) > min{rg(X1),rg(X2)} and relgap(X; U X2) > min{relgap(X1), relgap(32)}, either
statement in previous lemma is just the negation of the other one.

The final consequence of this section is that in order to get (54) only clusters fulfilling the
hypotheses of Theorem 5.7 must be joined. Once a pair of clusters of this kind are joined, they
can be disregard in any other union processes as shown by Theorem 5.10. Otherwise, the rest
of the results prove that union of clusters of different kind is not needed. In the next section
the task of developing a routine that selects and joins clusters according this criterion will be
undertaken.

5.2 Choosing a new set of clusters

Now we will present a routine for step 3 of Algorithm 3. Given a set of clusters as input,
selected according to (28), a new set of cluster will come out according to the logic of the
theorems in subsection 5.1, i.e. clusters will be joined only if the hypotheses of Theorem 5.7 are
satisfied.

Algorithm 3.1
Input: Eigenvalues: A; Clusters: {¥;}}_,; tolgap: parameter smaller than 1;.
Output: New set of clusters: {¥;}7 , with ¢ <k.
Notation:
A; denotes the set of eigenvalues whose absolute values are the elements of ;.

1. ¢q=k
2. for i=1:k;

if(\; >0 VAj €%;) then
sign(¥;) = +1
elseif (A\; <0 VA; € X))

sign(¥;) = —1
else

sign(%;) =

relgap(E ) _ o

relgap(A;)
endif
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endfor

, . relgap(X;)  relgap(X;,)
3. grgmin = min =
1<i<q relgap(A;) — relgap(A;,)

4. while grgmin < tolgap

determine the relative closest’ cluster X; 41 to ¥; according to Def. 5.4
if  (sign(%;,) * sign(X;.+1) = —1) .and.
(relgap(%;, U X;, 1+1) > min{relgap(¥;.), relgap(X; +1)}) then
g=q-1
relgap(%;.) = relgap(Xi. U Xi.41)
sign(X;.) =0
Yie = Y U Vi1
for k=i.+1:q
Yk = Ykt
relgap(Xk) = relgap(Xk+1)
sign(3x) = sign(Zg41)
endfor

endif
relgap(%;,)

lc

=2

relgap(A;,)

ramin — min relgap(3;) _ relgap(X;,)
arg 1<i<q relgap(A;) ~ relgap(A;,)

5. endwhile

In practice we have set tolgap = 1/2, but other values are admissible. This choice leads to
values t = (relgap(A;)/2) < (1/2) for the parameters t appearing in Theorems 5.7, 5.9 and 5.10.

For the new set of clusters selected by Algorithm 3.1, the error in the corresponding bases of
invariant subspaces computed by Algorithm 2.2 is given by Theorem 4.7 using the new singular
value relative gaps, and these are the sharpest bounds we have for Algorithm 3. Nevertheless, in
the next theorem we will use the theorems in the previous subsection to give an upper bound for
the inverse of the new singular value relative gaps in (51) in terms of inverses of the eigenvalue

relative gaps. Therefore this theorem ® gives a precise statement of (54).

Theorem 5.12 Let A be a n X n real symmetric matriz of rank r for which it is possible to
compute a RRD fulfilling (9). Let X be the singular values of A computed using steps 1-2 of

Algorithm 1. Let ¥;, i =1,...,q, be the set of clusters of nonzero computed singular values
of A selected by step 3 of Algorithm 3, A; = A:r UA;, ©=1,...,q, the corresponding set of
clusters of eigenvalues and Q; = [Q;r Q; ], i=1,...,q, the matrices computed by step 4 of

Algorithm 3. Let X; (resp. A;) , i =1,...,q, be the corresponding clusters of exact singular
values (resp. eigenvalues).

"The same can be done if 3. —1 is the relative closest cluster to ¥;_.

8In Algorithm 3.1 some fractions relgap(E;)/relgap(A;) have been set equal to 2 to indicate either that the
cluster is unsigned, or that it has already been analyzed. However, both the numerator and denominator keep
their values (which would make the actual value of the fraction smaller than or equal to one). Notice that

~ o~

Theorem 5.12 is stated in terms of the actual values of relgap(X;) and relgap(A;).
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1. If neither K:r nor KZ_ are empty, then there exist matrices Q;r and @Q; , whose columns
form orthonormal bases of the invariant subspaces of A corresponding, respectively, to the
positive and negative eigenvalues of A;, such that

O(er(R) max(x(X), K (A)))
m1n{7“elgap(A+) relgap(A;)}

1Q — Qfllr < (60)

with a similar bound for H@Z_ - Q; |lF-

2. If all the elements of KZ have the same sign and relgap(f]i) > tolgap * relgap(?\i), then
there exist a matriz (Q;, whose columns form an orthonormal basis of the invariant subspace
of A corresponding to the eigenvalues in A;, such that

O(er(R') max(k(X),k(Y))) .

Qi—Qillr < =
| I7 relgap(A;)

(61)

3. If all the elements of A; have the same sign, relgap(fli) < tolgap * relgap(f&i), and the
relative closest cluster f]cl(i) to il has all the corresponding eigenvalues with the oppo-
site sign, then there exist a matriz QQ;, whose columns form an orthonormal basis of the
invariant subspace of A corresponding to the eigenvalues in A;, such that

O(er(R') max(k(X),k(Y))) .
mln{relgap(A ), relgap(A 1))}

1Qi — Qillr < (62)

4. If all the elements of A; have the same sign, relgap(ii) < tolgap * relgap(&-), and
the relative closest cluster to iz does not have all the corresponding eigenvalues with the
opposite sign, then there exist a matriz Q;, whose columns form an orthonormal basis of
the invariant subspace of A corresponding to the eigenvalues in A;, such that

O(er(R') maX(KE\X), k(Y))) .
relgap(A;)

1Qi — Qillr < (63)

Furthermore, let @ = [@f @1_ @; @;] be the n X r matriz whose columns are the bases
of all considered invariant subspaces of A computed using step 4 of Algorithm 3. Then there
exists an n X r matrix B with exact orthonormal columns such that

IQ - Bllr = OCe). (64)

Proof: The proof follows from Theorem 4.7 applied to the output clusters of Algorithm 3.1
(step 3of Algorithm 3) and the theorems on gaps in Section 5.1 with C; = ex(R') max(k(X), x(Y)).
As remarked following Theorem 5.10, relgap’s instead of rg’s can be used in the theorems of
Section 5.1. R R

We begin by replacing relgap(X;, ¥;) by relgap(3;,%;) in the bound (51). This does not
change significantly the bound due to (23). Moreover, we assume relgap(flg, i)~ relgap(flg, f]z)
as was done right after (37). This is a fair assumption whenever steps 1-2 of Algorithm 1 compute
singular values with high relative accuracy. Thus (55) allows to apply (51), with relgap(¥;, )
replaced by relgap( ) to the clusters selected by Algorithm 3.1.

Consider a cluster ch of singular values corresponding to the quantity grgmin in Algorithm
3.1. This cluster is joined to its relative closest cluster if and only if the following three conditions
are simultaneously fulfilled:
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lgap(S;

< tolgap < 1.
relgap(A;,) gap

(c2) Sign(id(ic)) % sign(3;,) = —1, where id(ic) is the closest cluster to 3, .

(c3) relgap(Si, U Sy, > min{relgap(E;,), relgap(Sa,)}-

If all three conditions (c ) (c2) and (c3) are fulfilled, Algorithm 3.1 joins &;, and icl(ic) in a

new output cluster S LU ECZ(Z )- In this case Theorem 5.7 applies with ¢ = tolgap * relgap(/A\ic).
This together with (51) yields (60) for the eigenvectors corresponding to the new output cluster.

Now, suppose that at least one of the three conditions is not satisfied. Suppose first that (c1)
is satisfied, which implies sign(3% 5.) # 0, otherwise grgmin = 2. If (c2) is not verified and the
closest cluster to ch is an input cluster, Theorem 5.6 can be applied to the bound (51) to obtain
(63); on the other hand if (c2) is not verified and the closest cluster is a new output cluster,
(63) is achieved by using Theorems 5.6 or 5.10. If (c2) is verified and (c3) is also verified we
are in the previously studied case of joining clusters. If (¢2) is verified and (c3) is not verified,
Theorem 5.9 can be applied to (51) to yield (62).

Suppose from now on that (c1) is not satisfied. Then, Algorithm 3.1 stops and all the clusters
existing at that moment verify

7relgap(§ ) > tolgap, i=1,...,q.
relgap(A;
If sign(i\]i) = 0, this is either because sign(ii) = 0 on input, or because S is a new output
cluster, union of two input clusters. Anyway, Theorems 5.5 or 5.7 lead to (60) by using (51).
If szgn( i) # 0 and relgap( )/relgap(A) = 2, then ; has been already analyzed inside
the while loop and, according to the previous paragraph, either (62) or (63) are satisfied. If
sign(3;) # 0 but tolgap < relgap(3;)/relgap(A;) < 1, then (51) implies (61), at the cost
of an additional factor 1/tolgap. With this all the possible cases on the decision tree for the
conditions (cl), (c2) and (c3) have been studied. The proof of (64) is as in Theorem 4.7.
]

We finish this section with two important remarks:

Remark 1: The eigenvalue clusters treated in the last theorem are exactly the same as the
ones corresponding to the singular value clusters chosen according to (28). Therefore
the bases treated in Theorem 5.12 and in Theorem 4.7 correspond exactly to the same
invariant subspaces. This is because Algorithm 3.1 only joins oppositely signed clusters
and Algorithm 2.2 computes the bases separately.

Remark 2: The bounds in Theorem 5.12 have been obtained in two stages: first, applying
Theorem 4.7 to the new set of clusters produces a bound depending on singular value
relative gaps. Then, this bound is majorized by other ones, depending on certain eigenvalue
relative gaps. This second stage never worsens significantly the first bound, except in case
3 of the statement of Theorem 5.12. Thus, the bound (62) may be pessimistic, because
mln{relgap(A ), relgap( c(s))} might be much smaller than relgap( i). However, recall

that the sharpest bound for Algorithm 3 is O(ex(R') max(k(X), x(Y) ))/relgap(f]i).
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6 Numerical experiments

In this section we present results of two types of numerical experiments: first, we test Algo-
rithms 2 and 3, the two implementations of step 3 in Algorithm 1. A second kind of experiments
tests the whole Algorithm 1, including the computation of the rank-revealing decomposition in
two different ways: either a symmetric RRD of the form A = XDX7, or a nonsymmetric one
of the form A = XDYT. Besides, a first subsection describes some practical details of the
implementation of the three steps of Algorithm 1.

As will be seen from the experiments in §6.2, Algorithm 1 behaves as predicted by the error
analysis in Sections 4 and 5, and compares well both in the sense of accuracy and of speed with
the J-orthogonal algorithm.

6.1 Implementation of Algorithm 1 (SSVD)

1. The rank revealing decomposition of the matrix A in step 1 of Algorithm 1 has been done
in two ways:

e Symmetric RRD, A = XDX7” using a modification of the symmetric indefinite
Bunch & Parlett (BP) decomposition [3]: more specifically, we have used an adapted
version of the routine SGJGT in [23].

e A non-symmetric RRD, A = XDY 7 by means of a LU factorization with complete
pivoting (GECP). We have used a modification of the LAPACK procedure SGETF2.

2. The singular value decomposition in step 2 of Algorithm SSVD has been done using Algo-
rithm 3.1 of [7]. Only LAPACK and BLAS routines have been used, as in [7], except for the
one-sided Jacobi code in which we have used a routine developed by Z. Drmac according
to the ideas in [11]. The implementation of the procedure (called SGEPSV in [7] in single
precision) has followed the steps:

Algorithm 4 (SGEPSV) (Algorithm 3.1 in [7])
Input: X,D,Y: A=XDYT, Output: U, %, V: A=UXVT.

(a) QR factorization with column pivoting of XD, XDP=QR; A= QRPTYT
LAPACK Routine: SGEQPF
(b) Multiply to get W =R(YP)T; A=QW
BLAS Routine: STRMM
(c) SVD of W with one-sided Jacobi; W =UXV7T; A=QUXVT
Routine: S_SGESVDJ developed by Z. Drmac [11]
(d) Multiply U=QU; A=UXVT
LAPACK Routine: SORMQR

Two versions of this algorithm have been used, depending on whether right-Jacobi (right
multiplication on W by Jacobi plane rotations) or left-Jacobi (right multiplication on
W7 by Jacobi plane rotations) is employed in the one-sided Jacobi step. The left-Jacobi
version has the advantage of speeding up the convergence. Although the error bounds for
this version are weaker than for the other one (see Appendix A), no significant difference
in accuracy has ever been observed in practice. Our experiments in §6.2 confirm this.
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In any case the routine that has been used computes one of the singular vector matrices
by a product of Jacobi plane rotations. There exist much faster, equally accurate, versions
of one-sided Jacobi algorithms which do not accumulate rotations [13], and could also
be used. Nevertheless, with the present implementation the timing statistics of Algorithm
SSVD is comparable to the J-orthogonal algorithm (see the timing data in the last paragraph
of Experiment 2 in subsection 6.2).

3. Algorithm 2 in step 3 of Algorithm 1 has been implemented as described in subsection
§3.3. The alternative Algorithm 3 in step 3 of Algorithm SSVD has been implemented as
described in section §5.

Some more specific details are the following:

(a) Recall that steps 1,2 are the same in both algorithms 2 and 3, and therefore the
eigenvalues calculated by both algorithms are the same.

(b) The choice of clusters in step 1 of Algorithms 2 and 3 has been done using (28) by
taking C = 1 and using the O(n?) estimator routine STRCON in LAPACK to estimate
k(R'), or k(X), k(Y) when starting from a non-factorized matrix. When generating
matrices in RRD form A = X DX7| some matrices X producing values of ex(R')k(X)
larger than one have appeared. This means that Algorithm 4 guarantees no significant
digits of precision in the computation of the singular values. Moreover, using (28)
produces in this case that all singular values are contained in just one cluster. Our
discussion after Theorem 5.5 has led us to establish in practice the criterion to include
two contiguous singular values o, 041 in the same cluster whenever

M‘j_ajj""l < min{ex(R') max{x(X),x(Y)},1/n}. (65)

(c) The product A; = VIU; in step 11 of Algorithm 2.2 has been done using the
BLAS routine SGEMM.

(d) The diagonalization of A; = [W;* W, 1J;[W;" W, ]T (step 12 of Algorithm 2.2) has
been done using the LAPACK routine SSYEV applied only to the triangular upper half
of the matrix, as assumed in Lemma 4.5. Finally the eigenvector matrices Qf = ViVVijE

(step 13 of Algorithm 2.2) are obtained using the BLAS multiplication routine SGEMM.

(e) In all the experiments the value for the parameter tolgap appearing in Algorithm
3.1 has been set to tolgap = 1/2.

6.2 Numerical results

The experiments were done using an AMD K7 ATHLON processor with IEEE arithmetic, and
the routines implemented with Fortran PowerStation 4.0T™ from Microsoft. All numerical
experiments in this section have been done with nonsingular matrices, although as pointed out
in Sections §3 and §4, Algorithm 1 SSVD can be also applied to rank-deficient matrices.

In the first experiment we start from matrices already in factorized RRD form A = XDXT,
directly generating the matrices X and D. This has allowed us to focus on the accuracy of step
3 in Algorithm 1, since, given the RRD, the work by Demmel et al. in [7] allows to control the
error in step 2 of Algorithm 1.

In the second group of experiments, two different kinds of non-factorized test matrices have
been generated: graded matrices, and matrices specifically designed in [23] to guarantee a good
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performance of the J-orthogonal algorithm. The reason for choosing graded matrices is that it
is known, under the conditions given in [7, Section 4], that an accurate RRD, in the sense of (9),
can be computed using a plain implementation of Gaussian elimination with complete pivoting
(GECP). For the rest of the classes of matrices treated in [7, pp. 26-27], special implementations
of GECP are needed to get the desired accuracy, and it is unfair to compare with the J-orthogonal
algorithm, since at present no special implementations of the symmetric indefinite factorization
are known to guarantee the accuracy. The reason for choosing the matrices designed in [23] is
to compare Algorithm 1 and the J-orthogonal algorithm on matrices where the accuracy of the
latter is guaranteed.

To test Algorithm 1 we have used as reference the eigenvalues and eigenvectors computed
by the routine DSYEVJ, developed by I. Slapnicar, that implements the implicit one-sided J-
orthogonal algorithm? [23] in double precision (e = ep ~ 1.11 x 10716). ;From now on these
eigenvalues and eigenvectors are denoted, respectively, simply by A; and ¢;. These are compared
with the eigenvalues and eigenvectors, )\ES) and qES), computed in single precision (¢ = €5 =~
5.96 x 10~%) by the following routines: SSVD (Algorithm 1, using Algorithm 2 SYSSV in Step 3),
SSVDR (Algorithm 1, using Algorithm 3 SYSSVR in Step 3 ), SSYEVJ (J-orthogonal algorithm,
denoted simply by J-O in tables and figures), and, only when we start from a full (not already in
rank-revealing form) matrix A, SJAC (standard Jacobi algorithm with new the stopping criterion
introduced in [8, pp. 1206] with tol = ¢5) and SSYEV (LAPACK driver routine that implements
tridiagonalization followed by QR iteration). For these methods the following quantities have
been measured for each test matrix:

1. The maximum relative error in the eigenvalues

(s)
Ai — A
eE\S) = max | ———— ! (66)
2. A control quantity for eigenvalues
(S)
e
9 = ﬁ (67)

where k = k(R') max{k(X),x(Y)}, as in (14). Observe that when referring to symmetric
RRDs & is just £(R')k(X). According to the bound (38), the quantity ¥ is expected to
be O(1) for Algorithm SSVD. For the J-orthogonal algorithm the error eg\s) is essentially
bounded by O(es k(X Dx)), where X Dx is the best conditioned column diagonal scaling
of matrix X [23]. However, we have checked that x(X) ~ x(XDx) in our tests. This is
due to the fact that the matrices X appearing in our experiments do not have any special
structure. Furthermore the extra factor x(R’) in the denominator, that we have observed
that is O(n) in the numerical tests in this section (see also [7, Thm. 3.2]), renders ¥
inadequate to check how well the bounds for the J-orthogonal algorithm behave, though
it is still valid to compare the accuracy of SSVD and the J-orthogonal algorithm. For
the other two considered algorithms, Jacobi and QR, 9O is just the maximum error in
the eigenvalues normalized in the same way as for the SSVD and J-orthogonal algorithms.
Similar remarks apply to the eigenvector computations.

9 DSYEVJ is a driver routine formed by two routines that implement the two steps of the J-orthogonal algorithm:
subroutine DGJGT (symmetric indefinite decomposition with complete pivoting) and subroutine DJGJF (implicit
J-orthogonal Jacobi method with the same stopping criterion as one-sided Jacobi). DSYEVJ has been used when
starting with the full matrix A. When starting from a factorized matrix A = XDX7 only the subroutine DJGJF
has been used. Similar remarks apply to the single precision driver routine SSYEVJ.
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3. Corresponding to each cluster of eigenvalues, the sine of the maximum of canonical angles
between the subspaces spanned by the computed basis, ();, in double precision and the
computed basis, QES), in single precision:

EY = |sin0(Qi. Q)]2, (68)

In the case of clusters with one single element we have calculated just the euclidean norm
of the difference between the computed eigenvectors in double, ¢;, and in single precision,
S
a”,
S
e = llgi = 4| (69)

Actually, these quantities are always computed, even in the presence of clusters of dimen-
sion larger than one. We do this in order to check that clusters are only chosen whenever
no accuracy can be guaranteed for individual computed eigenvectors.

4. The control quantities for bases of invariant subspaces are

=(S) E/(\i) Telgap(zg )) —(9) E/(\Z_) relgap(AE ))
:Z = max 5 ':'A = max

i K €g ( R €s

and the corresponding ones for individual eigenvectors,

) ; (S) o) loan( A
€)= max lgi — g; Iz;eregap(ff@ ) f/(\s)zm?x g — g; Hizegap( i) (

71)

According to Theorem 4.7, E(ES ) and gf,s) are expected to be O(1) for Algorithms SSVD

and SSVDR. Also Ef) and 5/(\8) are expected to be O(1) for the J-orthogonal algorithm, but
not for Algorithms SSVD or SSVDR, because the accuracy of SSVDR is governed by Theorem
5.12. However, the quantities Ef) and {/(\S) will be computed by SSVD and SSVDR to check
in practice how the SSVDR algorithm improves the accuracy of SSVD and how it compares
with the J-orthogonal algorithm. Notice that the quantities rel gap(EES)) correspond either
to the set of cluster chosen according to (65) for Algorithm SSVD, or to the output clusters
of Algorithm 3.1 for Algorithm SSVDR. The quantities relgap(Ags)) are always the same,
because the clusters for eigenvalues do not change (see remarks at the end of subsection
5.2). The relgaps in (71) are the ones defined in (4) and (8) for any of the algorithms.

For the sake of brevity, values of &(TS) or f/(\s) are not shown for routines SJAC and SSYEV,
we simply report that extremely large errors are obtained for these algorithms.

To do our experiments we have generated matrices in single precision in different ways.
All the random matrices needed have been generated using the LAPACK routines SLATM1, for
diagonal matrices, and SLATMR, for full matrices. When we have generated matrices with a
fixed condition number K, it has been done by producing diagonal matrices with elements of
absolute values in the range from 1 to 1/, and after that multiplying by random single precision
orthogonal matrices. The distribution of the diagonal elements is controlled by the parameter
MODE of the routine SLATM1: |MODE| = 3, geometrically distributed; |[MODE| = 4, arithmetically
distributed; MODE = 5, with logarithms uniformly distributed. If MODE is positive (resp. negative)
the elements are set in decreasing (resp. increasing) order.
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Experiment 1 This experiment is designed to test Algorithms 2 and 3. We have generated
n x n matrices X and D (diagonal), factors of a matrix A = XDX7, as done in [7]. Parameters
have been chosen as follows: x(X) = 1021:6]; k(D) = 102219 MODEx = 3,4,5; MODEp =
+3,+4,5. For each set of parameters we have run: 20 matrices for n = 50,100 (total 12000
matrices for each n), 2 for n = 250 (total 1200 matrices), 2 for n = 500 (total 1200 matrices)
and 1 for n = 1000, and only for 2 combinations of the MODEs, (total 80 matrices).

Figure 1 shows the maximum, minimum and average (over all M ODEs, samples and x(D)s)
of the quantity logloegs), roughly the number of correct digits in the computed eigenvalues,
as a function of x(X) for n = 100 for Algorithm 1 (SSVD or SSVDR) and for the J-orthogonal
algorithm. The line e;x(X)r(R’) is plotted as a guide to the eye; the quantity x(R’) in this line
is really the average of x(R') over all the matrices with that value of x(X). The results confirm
the theoretical error bounds for eigenvalues.

Fig.1 A=xDX"  n=100
1 T T T T
O max SSVD
% mean SSVD -7
x min  SSVD -7
0 ¢ max J-O - T
g Mmean J-O _ -
A Min J-0 -7
__ log, (e *k(X)) -7
L tog, (& *K()*K(R ) e ¥
w
A
_7 | | | | | | |
2 2.5 3 3.5 4 4.5 5 5.5 6

log lok(X)

(S)

Figure 1: Experiment 1. Maximum relative error for eigenvalues: log;yey” against logyg s(X).

Table 1 shows the statistical data corresponding to the quantity 9. The aim is to check the
bound (38) for Algoritm SSVD and compare its accuracy against the J-orthogonal algorithm. The
most significant data in Table 1 appear under the columns named 'max’ where the maximum
values of each magnitude (the ones bounded by the error analysis) are shown. In particular, the
fact that the quantities in the first row are smaller than 1 confirms that Algorithm 1 satisfies
the bound (38). Besides, the third row itself is the control quantity ¢ calculated for the singular
values computed in step 2 of Algorithm 1. The comparison of rows first and third shows that
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n 50 100 250 500 1000
Method || mean | max || mean | max || mean | max || mean | max || mean | max
YBSVDY 030 | 40 || 022 | 31 | 015 | a7 | 013 | 22 | .013 | .20
YI-0) 041 | 58 || .037 | 44 | .039 | .47 | .044 | .63 || .050 | .65
Y(VD) 030 | 40 || 022 | 31 | 015 | .17 || 013 | 22 [ .012 | .20

Table 1: Experiment 1. Statistical data for accuracy in eigenvalues: 9(5).

Algorithm SSVD never misses a sign and always gives eigenvalues with the same precision as the
singular values, except for five matrices of dimension 1000. These cases have x(X) = 10% and
esk(X)k(R') greater than 100. Therefore whenever esk(X)r(R') < 1 Algorithm SSVD has given
the eigenvalues with the same precision as the singular values computed by Algorithm 3.1 in [7].
It can be seen, both from Figure 1 and Table 1, that Algorithm SSVD performs for eigenvalues as
well (even a little better, specially for small values of k(X)) as the J-orthogonal algorithm, with
the maximum errors in Algorithm 1 adjusting very well to the predicted behavior ex(X)r(R').
It can be observed also that the data do not depend on n.

Moreover, for a significant portion of all the matrices (4144 matrices out of 12000 for n = 50;
6693 matrices out of 12000 for n = 100; 974 matrices out of 1200 for n = 250; 1105 matrices out
of 1200 for n = 500; 79 matrices out of 80 for n = 1000), clusters of singular values of dimension
greater than 1, according to criterion (65), have been found, with the maximum dimension of a
cluster being 5. The average number of clusters has ranged from almost no clusters for n = 50,
to around 40 clusters for n = 1000, with a typical dimension of 2. This shows that criterion
(65) chooses clusters which determine perfectly in practice the signs of the eigenvalues. After
applying Algorithm 3.1 all the considered matrices have clusters. The average number of clusters
is in this case around 0.3n for all n.

In Table 2 we show the statistics for the number of orthogonal Jacobi sweeps for the Algo-
rithm SSVD and the number of hyperbolic Jacobi sweeps for the J-orthogonal algorithm

n 50 100 250 500 1000
Method mean max mean max mean max mean max mean max
Sweeps®™) | 55 | 10 6.3 | 12 74 | 12 84 | 14 9.3 | 15
SweepsU=0 105 [ 20 | 117 [ 22 || 13.0 | 22 || 139 | 24 || 131 | 24

Table 2: Experiment 1. Statistical data for the number of sweeps.

These data correspond to the use of left-Jacobi in step (c) of Algorithm 4. If right-Jacobi
is used the average number of sweeps for Algorithm SSVD is 13.8, with a maximum of 28 for
n = 100, while the accuracy is the same. For these reasons, we have used in the rest of our
experiments the left-handed version of the algorithm. It can be seen that the J-orthogonal
algorithm uses more sweeps than the Algorithm SSVD: on average, from five more for n = 50 to
almost four for n = 1000.

Now we focus on the analysis of data both for eigenvectors and for bases of invariant sub-
spaces. Table 3 shows the quantities E(ZS ) and Ef) defined in (70) for Algorithm 1, in both
versions: SSVD, using Algorithm 2 SYSSV, and SSVDR, using Algorithm 3 SYSSVR. For the J-
orthogonal algorithm we only show the quantity that governs its error: Eg\s). When comparing
the results of routines SSVD and SSVDR with the corresponding relative gaps of singular values
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(rows 1 and 3), it can be seen that both methods behave as expected. When comparing the er-
rors in the bases computed using the routine SSVD with the relative gap between eigenvalues the
results can go rather badly (see row 2)'%. When using SSVDR these results improve significantly
(compare rows 4 and 2), showing that the method computes the bases for these test matrices
with errors depending on the relative gap between eigenvalues, as the J-orthogonal algorithm
does. It can be observed that the control quantities increase mildly with n for all the algorithms.
Since this effect is not observed in the accuracy of the eigenvalues, this lead us to question if it
is a real effect of the eigenvector bounds, or it is simply reflecting the fact that the quantities =
are computed from n-dimensional vectors.

n 50 100 250 500 1000
Method mean | max mean max mean | max mean max mean | max
=8 1 032 | 46 || 051 | 1.2 || 084 | 25 | a2 | 45 | a7 | 44
=¢) | 37 [ 320 || 1.1 [3300] 24 [500 ] 65 |1700 | 56 | 150
=R 1 034 | 50 || 056 | 1.2 || 095 | 25 | 13 | 45 | a8 | 44
= 1 o041 | 65 || o7 | 46 || a5 |32 | 23 [ 60 | 37 | 73
=070 | o044 | 64 || o6 | 15 | a5 |26 | 21 | 57 | 32 [ 73

Table 3: Experiment 1. Statistical data for accuracy in bases of invariant subspaces: E(ES ) and

=)

=,

Table 4 shows the quantities 55(,8) and §§\S) defined in (71). These are the quantities referring
to the errors eigenvector by eigenvector. It can be seen that the accuracy of the eigenvectors is
not spoiled by the clustering processes implicit in Algorithms SSVD and SSVDR. Similar comments
to those made with respect to Table 3 apply here.

” 50 100 250 500 1000
Method || mean | max || mean | max || mean | max || mean | max || mean | max
S5 1033 | 74 | 057 | 13 | 092 [ 25 | a3 | 45 [ 19 | 44
£(55v0) 37 1320 || 1.1 |3300 | 24 | 500 | 6.5 |1700| 5.6 | 150
SR 1035 | 90 | 063 | 16 | 10 [ 25 | 14 | 45 [ 20 | 44
SR 1 045 | 00 | 080 | 46 | a7 [ 32 26 | 60 | 42 | 73
¢ 044 | 64 || 076 | 1.5 || 15 | 26 || .21 | 57 | .32 | 7.3

Table 4: Experiment 1. Statistical data for accuracy in eigenvectors: &(TS) and 5/(\8).

To conclude, we show other quantities of numerical interest. The minimum singular value
and eigenvalue relative gaps for clusters selected in Algorithm 2 have exceeded, respectively, 107°
and 10~%; and after the clustering process in Algorithm 3 both relative gaps, for eigenvalues and
singular values, have been bigger than 10~%. The minimum relative gap for individual eigenvalues
have been greater than 107>, and for singular values greater than 1078, The maximum values
of k(R’) have been: 190, for n = 50, 270, for n = 100, 600, for n = 250, 1300, for n = 500, 2200,
for n = 1000, showing that it increases roughly as some constant times n.

OHowever, as can be deduced from the mean value of EE\SSVD), matrices for which SSVD computes eigenvectors

with a large error with respect the relative gap between eigenvalues are quite infrequent.
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Experiment 2 We have generated n x n graded matrices A = DBD by multiplying random
well-conditioned matrices, B, and random ill-conditioned diagonal matrices, D, to test the
accuracy of the complete Algorithm 1 including the factorization in step 1. Not always can an
accurate RRD fulfilling (9) be computed for graded matrices [7, §4]: the accuracy that can be
guaranteed at best (and is frequently achieved in practice) is O(esk(B)). Thus, high relative
accuracy is expected when computing eigenvalues and eigenvectors for the matrices generated in
this experiment. As mentioned in §6.1, the initial rank revealing decomposition in Algorithms
SSVD and SSVDR has been done in two ways: either using a modification of the symmetric
indefinite Bunch & Parlett decomposition, or a non-symmetric LU factorization with complete
pivoting. We have obtained similar results for both decompositions. Parameters have been
chosen as follows: k(B) = 10913 k(D) = 102219 MODEg = 3,4,5, MODEp = +3,+4,5.
For each set of parameters we have run: 50 matrices for n = 50,100 (total 15000 matrices for
each n), 5 for n = 250,500 (total 1500 matrices for each n), 1 for n = 1000, and only for 5
combinations of the MODESs, (total 100 matrices). As announced, also Jacobi and QR have
been applied on these test matrices.

The same quantities as in Experiment 1 are shown in Table 5 for eigenvalues, and in Table 6
for individual eigenvectors. The results for bases of invariant subspaces are almost the same as
those in Table 6 and, therefore, are not shown. In these tables we show only the data corre-
sponding to symmetric rank revealing decompositions obtained by the Bunch-Parlett method
(abbreviated as BP in the table). The corresponding data for these tables using the unsymmetric
rank revealing decomposition based on GECP are so similar that they are omitted. Nevertheless
for other quantities (see Tables 7 and 8) we show the results for both decompositions (GECP is
abbreviated as CP in the table).

Notice that the maximum values in Table 5 are greater than in Experiment 1, for both
the SSVD and the J-orthogonal algorithm. This is due to the error in the initial factorization
step, which is roughly bounded by O(es;x(B)). In any case, they behave much better than the
classical methods, Jacobi and QR. An interesting remark is that the quantities 9 decrease in
Table 5 as n increases. This is because in this experiment (see Table 7) the condition number
K increases with the dimension n faster than the relative errors eg\s) in the eigenvalues. The
control quantities for eigenvectors in Table 6 also decrease with n for the same reason. However,
the maximum values of the control quantities for eigenvalues (Table 5) are much bigger than
those of eigenvectors (Table 6). This is not explained by the error bounds.

n 50 100 250 500 1000
Method mean max mean max mean max mean max mean max
YBSVD) 1.8 2600 .82 1100 21 52 22 140 014 .24
97=0) 1.5 1100 .80 1200 21 64 .31 320 019 .33
YIAC) 3-10% | 3-10* || 1-10* | 3-10'7 || 1-10% | 7-10'® || 7-10'2 | 5-10%® || 2-10' | 8-10'2
9QR) 2.108 [ 2.107 [ 7-10" [ 5-10° [ 5-10° [ 4-10® || 2-10™° | 1-10 || 2-10° | 4-10?
YBVD) 1.8 2600 .82 1100 21 52 .22 140 014 .24

Table 5: Experiment 2. Statistical data for accuracy in eigenvalues: 9(5).

As in Experiment 1, for a good number of the generated matrices (310 matrices out of 15000
for n = 50; 4821 matrices out of 15000 for n = 100; 1019 matrices out of 1500 for n = 250;
1454 matrices out of 1500 for n = 500; 100 matrices out of 100 for n = 1000), there are clusters
of singular values of dimension greater than 1, according to criterion (65), with a maximal
dimension of 5. The average number of clusters has ranged from almost no clusters for n = 50,
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n 50 100 250 500 1000

Method || mean | max || mean | max || mean | max || mean | max || mean | max
(s5VD) AT 11 28 | 4.6 A7 | 1.1 | 064 | 55 || .023 | .16
¢(55) 3.6 |3300| 2.8 |1900| 1.2 |1600 | .30 | 14 | .067 | .51
(SSVDR) A7 | 11 31 | 5.2 20 | 11 || .076 | 1.3 | .024 | .16
¢SSR 56 |12 34 | 58 || 25 | 24 || .091 | 1.3 || .030 | .16
70 60 | 21 37 | 43 || 17 | 1.2 || .090 | .67 | .039 | .20

Table 6: Experiment 2. Statistical data for accuracy in eigenvectors: 5,(78) and 5&8).

to around 60 clusters for n = 1000 with a typical dimension of 2. This shows again that criterion
(65) determines perfectly in practice the signs of the eigenvalues, even when clusters are present.
After applying Algorithm 3.1 all the considered matrices have clusters. The average number of
clusters have been in this case around 0.3n for all n.

In addition, we show other quantities of numerical interest. The minimum singular value
and eigenvalue relative gaps for clusters selected in Algorithm 2 are, respectively, 107> and
3.3-107%; and after the clustering process in Algorithm 3 both relative gaps, for eigenvalues and
singular values, have reached the minimum 3.3 - 1074, The minimum relative gap for individual
eigenvalues has been 4.1 - 107°, and for singular values greater than 9.1 - 1078, With respect
to the condition numbers x(X), max{x(X),x(Y)} and x(R'), they are shown in Table 7. The
maximum values of ex(X)r(R') are 8- 1074, for n = 50, 4 - 1073, for n = 100, 5 - 1072, for
n = 250, 3-1071, for n = 500, 1.8, for n = 1000, showing that it increases roughly as some
constant times n.

n 50 100 250 500 1000
Method mean | max | mean | max mean | max mean max mean max
k(R (BP) 11 39 23 84 67 220 150 430 330 960
k(R (CP) 11 37 24 80 71 201 160 450 360 860
Kk(X) (BP) 100 500 300 1300 1400 | 5000 4300 | 16000 || 14000 | 40000
max{x(X),k(Y)}(CP) 78 320 230 1000 1000 | 3200 2900 7900 5000 | 20000

Table 7: Experiment 2. Table for x(R’) and max{x(X),x(Y)}.

n 50 100 250 500 1000
Method mean max mean max mean max mean max mean max
SweepsSSPIBP |5 () 7 5.6 8 6.4 9 7.3 9 8.1 9
SweepsSSPICP |50 7 5.5 8 6.4 9 7.2 9 8.0 9
SweepsT—0) 6.3 8 7.1 | 10 85 | 11 96 | 12 || 11.0 | 13

Table 8: Experiment 2. Statistical data for the number of sweeps.

Table 8 shows that the J-orthogonal algorithm uses again more sweeps than the Algorithm
SSVD: on average, from one more for n = 50 to three more for n = 1000. This is reflected
in the run-time used by the different routines. Taking as a reference the time employed by
the QR routine (SSYEV of LAPACK ), we have the following average results for our experiments:
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for n = 100, Algorithm SSVDR (with symmetric RRD factorization) employs 200% more time
than QR, the J-orthogonal algorithm employs 250% more time and the Jacobi Algorithm SJAC
employs 190% more time; for n = 500, Algorithm SSVDR (with symmetric RRD factorization)
employs 380% more time, the J-orthogonal algorithm employs 350% more time and the Jacobi
Algorithm SJAC employs 340% more time. This numbers can be explained as coming from two
opposite efects: SSVDR uses less Jacobi sweeps but the number of clusters increases with the size
of the matrix.

Experiment 3 We have also generated full matrices in another form to compare the accuracy
of Algorithms 1 and J-orthogonal. We have used the matrix generator developed in [23], which
is specifically designed to test the performance of the J-orthogonal algorithm on matrices for
which the error bounds of this algorithm are controlled (see [23] for details).

The set of parameters have been chosen as follows: n = 100; ASCAL = [1: 1 : 3]; HSCAL= [5 :
2 : 25|, For each set of parameters we have run 50 matrices: in total 1650 matrices.

The results confirm that Algorithm SSVD performs very well also for this type of matrices.
The results for eigenvalues, eigenvectors and number of sweeps are summarized in Table 9. As
in the other experiments, the results for individual eigenvectors, 5((3\, are similar to those for
bases. For this set of matrices, no clusters of singular values with dimension greater than 1 were
found in the sense of criterion (65).

n Y & & Sweeps
Method || mean | max || mean | max || mean | max | mean | max
SSVDR 27 2.2 2.1 14 2.9 21 4.6 6
J—0 A7 2.8 — — 3.1 20 5.5 8

Table 9: Experiment 3. Statistical data.

Experiment 4 The results for testing the accuracy of computed eigenvectors in previous exper-
iments seem to show that the errors for the SSVDR and J-orthogonal algorithms are comparable
(see rows 4 and 5 of Tables 4, 6 and Table 9 in Experiment 3), both depending on the relative gap
between eigenvalues. However, it has not to be forgotten that the error bound for eigenvectors
in the SSVDR algorithm is the expression (10) (or Theorem 5.12 for a more precise statement)
and not (3). It is not difficult to think of situations in which Algorithm SSVDR can calculate
single eigenvectors much worse that the J-orthogonal algorithm. Take for example the following
3 x 3 very well-conditioned matrix generated in single precision:

1804019  .9148742 —.3611555
A= 9148742 —.2908984 —.2799287
—.36115556 —.2799287 —.8894936

with eigenvalues in double precision'?: A; = 0.9999904633563307, Ao = —0.9999802814301686, A3
—1.000000302456291. The corresponding computed eigenvectors in single precision have the fol-

1The routine GENSYM generates a non-singular symmetric matrix H of order n, with k(H) = 10%°" and the
measure C(A, A) &~ 10* (sce [23] for details).

121f the eigenvalues of matrix A are computed in MATLAB, the same numbers are not obtained. The reason
is that the displayed matrix A is not exactly the matrix we used in our computations. A is just the rounding to
seven decimal digits of its exact representation in single binary precision. However similar results are obtained.
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lowing errors for the SSVDR algorithm

llg: — a%VPP |a)iz1 05 = [3.12, 5.25, 4.23] x 102

(2

and
g — a9 |la)iz123 = [3.79 x 1075, 1.43, 1.43] x 1073

for the J-orthogonal algorithm. Notice that the J-orthogonal algorithm computes the eigenvector
corresponding to the positive eigenvalue A\; with full machine precision, while with the SSVDR
algorithm five significant decimal digits are lost. The reason of this is easily understood, because
the eigenvalue relative gap for A; is, approximately, 2, while the corresponding singular value
relative gap is near 10~ (in this case case relative or absolute gaps are equivalent). This cannot
be improved by the clustering process done in Algorithm 3.1, because any of the two possible
clusters of singular values containing one positive and one negative eigenvalue has a close singular
value at a distance of order 107°, and the minimum of the eiegenvalue relative gaps is also of
order 107°.

However, notice that the SSVDR algorithm is able to compute all the eigenvectors with 3
correct decimal digits and that max; engVDR) / max; e((lffo) = 3.7, of order 1 as predicted by bound
(10), i.e. the J-orthogonal algorithm also computes some eigenvectors with 3 correct significant
digits. One can easily modify the matrix A in such a way that SSVDR computes the eigenvector
corresponding to the positive eigenvalue with an error of order 1, but then the J-orthogonal
algorithm would lose all the correct digits in the eigenvectors corresponding to the negative
eigenvalues.

Finally, notice that if all the eigenvalues of the matrix A are considered inside the same
cluster, the SSVDR algorithm computes the eigenvector corresponding to A; with full machine
precision, according to the bound (51). However, the eigenvectors corresponding to the negative
eigenvalues are computed with errors of order 1, although according to (51) they form a very
accurate orthonormal basis of the invariant subspace associated with the negative eigenvalues.

Experiment 5 Our last experiment is designed to show how the SSVD algorithm, like the J-
orthogonal one, is able to compute accurate bases of invariant subspaces, even when the gaps
between eigenvalues are very small.

We generate a 10 x 10 matrix A = QDQ” by multiplying, in single precision, a single precision
random orthogonal matrix @ by the diagonal matrix D = diag[—1,1,1,1,1,0.1,0.1,0.1,0.1, 0.1].
Due to roundoff errors, the absolute values of all the eigenvalues of A become different. But
two clusters of singular values are found by Algorithm 2 (SYSSV) according to criterion (65), one
around 1, of dimension 5, and another around 0.1, of the same dimension. The absolute gaps
between the singular values inside each cluster exceed 10~7. Thus the double precision routine
DSYEVJ computes the eigenvectors with at least 8 correct decimal digits. The algorithms SSVD
and J-orthogonal, in single precision, compute all the eigenvectors with errors of O(1), except
the eigenvector corresponding to the negative eigenvalue which is computed, in both cases, with
an error near 10~7. This error is predicted by bound (51) for the SSVD algorithm (see also the
remarks after the proof of Theorem 4.7). The errors in the invariant subspaces can be estimated
using E/(\S:) in (68). These, for SSVD and J-orthogonal algorithms, have been of order 107 for the
following invariant subspaces: the corresponding to the four positive eigenvalues close to 1, the
corresponding to the five positive eigenvalues close to 0.1, and the corresponding to the negative
eigenvalue. Moreover, the same error appear if we consider the invariant subspace corresponding
to all the eigenvalues of absolute value around 1 (including the negative one). This shows in
practice that, as studied in the error analysis leading to Theorem 4.7, once a cluster of singular
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values is chosen, we obtain two bases, one for the invariant subspace corresponding to the positive
eigenvalues in the cluster and another for the negative ones, with an error of the same order
than the appearing in the bases of the singular subspaces corresponding to the whole cluster of
singular values. In this experiment Algorithm 3.1 does not modify the set of clusters according
to (28), since the clusters are not oppositely signed.

7 Conclusions and future work.

In this paper we have presented formal error analysis and numerical experiments of a new algo-
rithm which computes eigenvalues and eigenvectors with high relative accuracy for the largest
class of symmetric matrices known so far. In particular for all symmetric matrices belonging
to the classes of general matrices studied in [7]. This high relative accuracy is achieved for a
given symmetric matrix A whenever an accurate rank-revealing decomposition (RRD) of A can
be computed.

The new algorithm is based on computing, in a first stage, a singular value decomposition
of the symmetric matrix A. This is the reason of its wide applicability, because in this stage the
symmetry of A is not used. Thus, we can compute non-symmetric RRDs of A and apply the
theory developed in [7].

It is not known if accurate symmetric RRDs can be computed for all symmetric matrices in
any of the classes described in [7]. The J-orthogonal algorithm [27, 23] computes eigenvalues and
eigenvectors with high relative accuracy only if accurate enough symmetric RRDs are available.
The authors are presently studying this interesting question.

A Appendix A: Backward error of the SVD algorithm

In this appendix we give a proof of Theorem 2.1, i.e. we show that the SVD algorithm employed
in step 2 of Algorithm SSVD produces a small backward multiplicative error when executed
in finite precision arithmetic. More precisely, we analyze the following version for rectangular
matrices of Algorithm 4 in § 6.1 (i.e., of Algorithm 3.1 in [7]). Recall that given a RRD XDYT
of a real m by n matrix G, m > n of rank r, the inputs for Algorithm 4 are the three matrices
X eR™" DeR™ Y eRY™, with D diagonal and all three matrices of full rank r.

Algorithm 5 (Version of Algorithm 4 for rectangular matrices)
Input: rank-revealing decomposition XDY7T of G € R™*",
Output: singular value decomposition UXV7T of G.

1. compute a QR decomposition with column pivoting XD = QRP of XD.

2. compute the product W = RPY”T using conventional matrix multiplication.
3. compute a LQ decomposition W = L,QL of W.

4. compute an SVD L, =U,XV! of L, using right-handed Jacobi

5. compute the products U =QU, and V = Q,V,.
Notice that this implementation differs from the one presented both in §6.1 and in [7]: here

the Jacobi step is split in two stages, steps 3 and 4. This is recommended in [7, §3.3] to save
flops in the one-sided Jacobi computation, the most expensive one in the whole algorithm. This
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only makes sense if the rank r is less than n. Otherwise, W is square and skipping step 3 above
does not affect either the computational cost or the error bounds below. This is the case of the
numerical experiments presented in Section 6.

The crucial ingredient to prove Theorem 2.1, which is missing in the analysis of [7], is that
step 4 above, the one-sided Jacobi SVD algorithm on a square invertible matrix, produces a
small multiplicative backward error. To be more specific, we will prove the following result,
where the i-th column (resp. row) of A is denoted by A(:,i) (resp. A(i,:)), and A is the last
matrix in the sequence generated by the right-handed Jacobi process.

Theorem A.1 Let A € R™™ be an invertible matriz and let USVT be the SVD computed in
finite arithmetic with machine precision € by the right-handed Jacobi SVD algorithm on A with
stopping criterion'

[AG, D)ll2 [[AG, )12
Then, there exist matrices U', V', Er,, Er € R"", such that U" and V' are orthogonal,

max f1 < A, )" A J)I ) < e, for i #j. (72)
i#j

U =T = 0(e), ||V =V|=0(e),

(73)
IEL] = O(e), [|ER|l = O(er(An)),
where Ay is the diagonal scaling of A with rows of unit euclidean norm and
(I+ EL)A(I + ER)=U'SV'". (74)

Proof: 1t is known [12, Proposition 3.13] that, under the conditions above, the matrix A
satisfying the stopping criterion (72) can be written as

A= (A+54)V
for an orthogonal matrix V’ with |[V/ — V| = O(e) and 64 such that
184G, lla < s I1AG, s i =1,...0m (75)
for a certain e€; = O(€) which depends on the sweeps required for convergence. Hence,

A= A(I + ER)V’ (76)

for Er = A7'5A. If we now scale A = DyAy with a diagonal matrix Dy so that Ay has
rows of unit euclidean length, the bound (75) implies

IER|lF < AN 17 1DV 6AIF < Vies | AN e,

where || - | stands for the Frobenius norm!'*. Finally, since ||Ay|r = /n, it follows that
the Frobenius norm of Epg, and consequently its spectral norm, is bounded by e;rp(An)=

O(er(An)).

A similar result holds with ne replaced by any tolerance tol in criterion (72). In that case, |U’ — U] <
ntol+0(e) and ||EL|| < ntol+O(e). Notice, however, that if the tolerance is larger than O(e) then the computed
left singular vectors will fail, in general, to be orthogonal up to O(e).

One can also show that ||Er| < /ey ||Ax'] in the spectral norm.
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On the other hand, recall that if we denote by Y the > diagonal matrix whose i-th diagonal
entry is the euclidean norm of the ¢-th column of A, then S and U are computed as S=f 1(2)
and U = £1(AS1). Notice that each element uy; of U can be written as uy; = (A ZJ/E]J)(l +
€ij) with |e;;| < e. Let U be the matrix such that A=US. Then (76) implies that

Us(V')T = A(I + Eg)

with |[U — Ul|p < €|U|| . It only remains to show, using the stopping criterion, that there is
an orthogonal matrix U’ such that

U=(+E) U

with || EL|| = O(e) and ||U' = U|| = O(e).

It follows from condition (72) that each off-diagonal element of U?U is bounded in absolute
value by cne + O(e?), with ¢ a small integer constant. The diagonal elements of U”U, on
the other hand, are 1+ a with |a] < cne + O(e?). Thus, |UTU — I||p < ene + O(€?).
If U= Wr(I+ X)WL is an arbitrary SVD of U, then [6X|r < cn?e + O(€?). Denoting
U =W, WL, it follows that U = (I + 6U)U’, where U’ is orthogonal and [|U||p = ||0%]| F.

Defining Er, = (I+06U)~'—1I, we obtain that ||EL|r = ||6U||r+O(||6U[|%) < cn?e+O(e?).

Finally, |U —U'||lp < |U = Ullp + ||[U = U'||p, but |U —U'||p = ||6U||r < ene 4+ O(e2),
and ||U ~ Ul|r < ¢|U]|r < Ve + O(e?)

]

We are now in the position to prove Theorem 2.1. Since we will cite results in [7, §3.2.1],
we need to match our notation with that of [7]: the matrices @, W, R (and R') appearing in
the proof, which are the computed ones, are named in the proof without hats. The rest of the
computed matrices are denoted, as elsewhere in this paper, with their hats on.

Proof of Theorem 2.1: It is shown in [7, p. 34] that, after step 2 of Algorithm 5, the matrix
() computed in step 1 and the matrix W computed in step 2 are such that

I+ E)NG(I+F)=QW (77)

for square matrices F1, F} with

[E1]] = O(es(X)),  |IFi]l = O(es(R) K(Y)).

Although the computed @ has not exactly orthonormal columns, it is well known that there
exists a matrix @’ with orthonormal columns such that

Q=Q +E;=(I+E,(Q""Q, (78)

with || E,|| = O(e). Thus, (77) becomes (I + E})G(I + Fy) = Q'W, with ||E}|| = O(e k(X)).

The LQ factorization of W in Step 3 of Algorithm 5 is equivalent to computing a QR
factorization of W71 € R™*". The usual additive backward error analysis of the QR factorization,
applied column-wise, ensures that the computed Ew satisfies

Lo(Q,)" = (W + E.)

where @/, € R™" is a matrix with orthonormal columns satisfying [|Q, — Q.| = O(¢) for the
computed @,. The backward error E,, satisfies the row-wise bound
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B ) =0@)[W (),  i=1,...,r (79)
If we write W + E, = W(I + WTE,) multiplicatively, with W7 the pseudoinverse of W, then

W = L,(QL)" (I + WiE,)™.

Now, let R’ = (D')"!R be the best conditioned row scaling of the triangular matrix R computed
in step 1. In order to bound ||[WTE,|, we define Z = (D')"'W and E, = (D')"'E,. The
equations (79) imply || E.| = O(€)||Z]| and, since both D’ and Z have full rank, we obtain

IWTEL|| = |Z7E.|| = O(e)x(Z) = O(er(R)K(Y)).

The last equality above is a consequence of the first equation in [7, p. 34], which implies
(D)W | = O(e)||R'||||Y]| for the error dW in the matrix multiplication of step 2 of Al-
gorithm 5. Therefore, since Z = R'PYT — (D)~16W, we arrive at x(Z) < w(R)x(Y)(1 +
O(e)s(R)K(Y)).

Thus, upon completion of step 3 of Algorithm 5, we have
(I+E)G(I+ Fy) = Q Lu(QL)" (80)

with By = E}, I+ F,= (I +F)(I+W'E,) and ||Fs| = O(er(R)x(Y)).
Now, Theorem A.1 applied to step 4 ensures the existence of r by r matrices U/, V/, Er, ER
with U’, Vv orthogonal,

1T = Tull = 0(e), V' =Vl = O(e) 51)
IEL| < O(e),  |IEg|l < O(es((D")~'Lu,)),
and
Lo, = (I+E)USVH(I+ Ep), (82)

where ﬁwif/f is the SVD computed by the right Jacobi SVD algorithm on L.,. Notice that
we have replaced the unit row scaling of L, with the scaling given by (D’)~!. We can do
this because the condition number of the former matrix is not larger than a factor /r times
the condition number of the latter [25]. Note also that x((D')"'L,) = s((D') 'L, (Q.)T) =
K(Z+ E,) =k(Z)(14 O(e)r(Z)). Hence,

IER|l = O(er(R)r(Y)).

Substituting (82) into (80) leads to

(I + Bo)G(I + Fy) = QUS(V)T(QL)T
where I+ By = (I + Ef) (I + E») and I+ F3 = (I + Fy)(I + Eg)~%, for Ep = Q'E(Q)T
and Ep = Q. Er(Q.)T. Clearly, ||Es|| = O(ex(X)) and ||Fs| = O(er(R)r(Y)).

Finally, it only remains to show that U = fl(Qﬁw) and V = fl(@w‘Afw) differ from Q'U’
and Q;V’ by O(e). We show it for U, the argument for V is analogous. Using (78) and (81),
we obtain Qﬁ =qQ U + O(e). Moreover, the standard error analysis for matrix multiplication
implies that ||U—QU.,|r < nre+O(e2). The proof is concluded by observing that ||[U—Q'U ||¢ <
10 = QU + QU = QT |-

[
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A.1 The left-handed version

The backward error analysis above has been performed assuming that right-handed Jacobi is
employed in step 4 of Algorithm 5. However, it has been observed that left-handed Jacobi on
L., is usually much faster than right-handed, since the rows of L, are usually closer to be
orthogonal than its columns (see [6, p. 565], or [21, p. 988] for a more detailed explanation of
the advantages of one version over the other depending on the scaling).

The error bounds for left-handed Jacobi on an invertible matrix A € R™ ™ remain as in
Theorem A.1, at the prize of replacing the O(ex(An)) by O(ey), where

v= max k(B;). (83)
1=0,1,...,q

Here, each B; is the diagonal scaling with unit rows of the matrix A; = D; B; resulting from
the action of the ¢-th finite precision rotation along the process of left-handed Jacobi, and A,
is the first iterate satisfying the stopping criterion

( [ Ag(i; 1) Ag(5,1)" |
[Aq (i, )2 [[Aq (3, )
To explain the origin of the additional factor 7, notice that, according to [8, Theorem 4.1], if

A; (resp. A;y1) is the matrix obtained after the i-th (resp. (i + 1)-th) finite precision rotation,
then A;y1 can be written as

max fl
7]

|| ) < ne, for i # 3. (84)
2

Aip1 = Rip1(A; +04;),

where R;,; is an exact rotation and the backward error §4; is such that [|0B;]| < 72¢ + O(e?)
for the row scaling §A; = D; 0B;, where D; is the diagonal matrix with the row norms of A4;
on the diagonal. Hence,

Ai+1 — RH_lAZ(I + Ez)
with || ;|| = ||A; 64| = | B; '6B;| < (72¢ + O(€®))k(B;). Notice that replacing ||B; | with
k(B;) increases the bound at most by a factor \/n.
Repeating the argument for all g rotations up to convergence, one obtains

A, = (0T A(I + E)

for an exact orthogonal matrix U’ and a matrix E such that ||[E| < (72 + O(¢2))qy, with ~
given by (83). The constant ¢ in the previous error bound is pessimistic, and in fact with a
finer implementation of left-handed Jacobi ¢ can be replaced by (s — 1)p, where s is the number
of sweeps up to convergence, each of them implemented in p parallell steps [12].

Using the stopping criterion as in the end of the proof of Theorem A.1 shows that if UsvT
is the SVD computed by left-handed Jacobi on A with stopping criterion (84), then

A(I+Eg) =U'SV'T
for orthogonal matrices U’, V' within a distance O(e) of U, V, and

|ER|l < 72eqy + cn’e + O(€2) = O(ey).

Plugging these backward errors into the proof of Theorem 2.1, we obtain for the left-handed
version of Algorithm 5 (i.e., the one using left-handed Jacobi in step 4) the backward error
bound

(I+E)GI+F)=Usv'T
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where, as in Theorem 2.1, U’ and V' are orthogonal,
U’ =Tl = 0e), |IV'=V]=0(e)
for the computed matrices U , i ‘7, and the backward errors satisfy
|E|| = O(er(X)), ||| = O(emax{y, s(R)a(Y)}),

with v being the constant (83) for left-handed Jacobi on the matrix L., computed in step 3 of
Algorithm 5. Therefore, the error bounds for this left-handed version of Algorithm 5 are larger
than those for the right-handed one. Only if 7 is of the order O(k(R')x(Y)) will high relative
accuracy be achieved.

This proviso, concerning bounded growth of the condition number of matrices appearing
along the Jacobi process, is analogous to the proviso, mentioned in the introduction, for the J-
orthogonal algorithm. It is claimed in [8] that there is strong numerical evidence of v/k(Bp) ~ 1.
A similar claim has been done in [23] on the J-orthogonal algorithm, although the sizes of the
matrices in the experiments (up to 200 by 200) makes them by today’s standards almost toy
problems. However, the experiments in section 6 above, made for matrices of up to 1000 by
1000 for both algorithms (left-Jacobi and J-orthogonal) support this evidence as well. Hence, it
seems that the increase in speed of the left-handed version is not penalized by a loss of accuracy.

B Appendix B: Proofs of Theorems 5.7 and 5.9

We begin with some previous elementary results that will be frequently used. Then, Theorems
5.7 and 5.9 will be proved in two different subsections.
Let a and a’ be any two real numbers. Then

= T_ and 4 S — (85)

The following Lemma bounds the relative distance between the maximum and the minimum
elements in a cluster of tolerance Cj:

Lemma B.1 Let ¥1 = {0i+1,0i+2,...,0i+d, } be a cluster of tolerance C; with d; elements.
Then

Oit1 — Oitd

Tl ™ Yiddy < (d—1)Cy.

Oi+1
Proof: Notice that
Oi+1 — Oi+d _ Oi+1 — 042 + Oi+2 — 0i+3 +o+ Oit+d;—1 — Ui+d1.
Ji+1 Oi+1 Oi+1 Oi+1
Thus
Oitl — Oitd Oit1 — 0it2 | 0it2 — 0i43 Oitdi—1 — Titd
i+ l+1§ it s + a an +...+ s H_lf(dl—l)c.
Oi+1 Oi+1 0i42 Oitdi—1

o1



B.1 Proof of Theorem 5.7

Let

Z:1 = {Ui+17 Oi+25 - - - 7Ui+d1} 9 22 = {0'7,'+d1+17 Oitdi1+2y - - - 7ai+d1+d2} (86)
be the two clusters of singular values appearing in the statement of the theorem. Although in
this setting the elements of 31 are greater than the elements of X9, the opposite case can be

proved with the notation in (86) by interchanging the roles of ¥; and X,.
Lemma 5.3 implies

. 0j — 0i4+1 Ojt+dy+ds — Oit+di+da+1
rg(X; UXy) = mm{ e AR AL L }, (87)
Oi+1 Oit-dy+da
and
min{rg(X),rg(X2)} =
. 0; = 0i4+1 Oit+dy — Oitdi+1 Oit+dy — Oitdi+1 Oitdi+de — Oi+di+da+1
—min { , , , L)
Oi+1 Oi+dy Oit+di+1 Oi+dy+da
where if some of the subindices does not belong to {1,...,n} the corresponding fraction does

not appear. Therefore rg(X; U X2) > min{rg(X;),rg(X2)}, and the assumption (58) appearing
in Theorem 5.7 leads to the following results:

1.
X o; — 0;
min{rg(E,), rg(Xg)} = At (89)
? 1
2.
rg($1) = Ui+d10_.+0'di+d1+1. (90)
i+dy

Thus in the setting (86), condition (58) implies that X is the relative closest cluster to ¥; and
it is not neccesary to impose this condition explicitly. This has been done in the statement of
Theorem 5.7 for the sake of clarity. Recall that one of the hypotheses of Theorem 5.7 is

rg(¥) <t< 1l (91)

The previous setting also allows to prove Theorem 5.7 in the case in which the elements of 3;
are smaller than the elements of 39 just by interchanging the roles of 31 and 35 in the statement
of the Theorem. Notice that condition rg{¥; UXs} > min{rg{%;},rg{X2}} remains unchanged,
and therefore its consequences (89), (90) still hold. This, together with rg(¥2) <t < 1 leads to
rg(X1) < t, i.e. condition (91). Therefore, in the rest of the proof we will focus on the situation
(86) with assumptions (58) (and its consequences (89)-(90)) and (91).

Suppose that (i+d;+da+1) € {1,...,n}. If All(i4dy +do+1) 18 either zero or has the same sign
as the elements of Ag then rg(As) < (0iydy+dy — Titdi+dot1)/Citdi+dy- Otherwise Arigitd, +do+1)
has the same sign as the elements of Aj, and then rg(A1) < (0i+d, — Titdy+dot+1)/Titd;- In any
case

. Oit+d; — Oitdi+do+1 Oitdi+ds — Oi+di+do+1 Oit+d; — Oi+dy+da+1
mln{rg(Al),rg(Ag)}gmax{ 1+dy 1+d1+da+ i+di1+d2 i+dy+da2+ }_ i+dy i+d1+do+ .

)
Oit+dy Oi+dy+do Oi+dy
92)
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Suppose now that ¢ belongs to the set {1,...,n}. If An(;) has the same sign as the elements
of Ay then 7g(A1) < (07 — 0i41)/0iy1. Otherwise Ar(;) has the same sign as the elements of Ag,
and then rg(A2) < (0; — 0itdy+1)/0itd,+1- In any case

min{rg(A1),7g(Az)} < max { 7L 0 T } =S T (93)
Oi+1 Oitdi+1 Oitdi+1

Once (92) and (93) have been established, it only remains to prove

Oitd; — Oitdi+da+l <R Oitdi+dy — Titditda+l (94)
Oit+dy Oitdy+da
and Oi = Oitdi+1 <R 0; — Uz’+1’ (95)
Titdy+1 Tit+l
where

R L 1 (d—1)C )

1
=—1
1—¢ ( G- 0G T1=@=0G rg(m USy)
If these two inequalities hold, then (92) and (93) imply that min{rg(Ai),rg(A2)} is bounded
simultaneously by the right-hand side of (94) and the right-hand side of (95). Thus, using (87)
Theorem 5.7 is finally proved.

Proof of (94): Notice that:

Oitdy — Titditde+1 _ Titds — Titdi+1 + Oitdi+1 — Oitdi4da + Oitdi+ds — Titdi+da+1 (96)

Oitdy Oitdy Oi+dy Oi+dq

The first term of the right-hand side in the previous equation is less than (0 4d, +dy —Titdy +da-+1)/ Titdy+dy
due to (89) and (88). The third term is trivially bounded by the same quantity, since o;44, >
Oitd,+dy- For the second term,

o — o o — o
i+di1+41 i+d1+d2 < i+di1+41 i+dy1+d2 < (d2 - 1)017

Oi+d, Oi+di+1

where the last inequality is just Lemma B.1 applied to ¥s. Plugging these bounds into (96) and
using 7g(X1 U X2) < (Oitdy+dy — Titdy+da+1)/Titdy+dy, WE Obtain

Titdy = Titditdatl ( (d2 — 1) ) Titditds — Oitdi+datl
Titd a rg(¥1 UXs) Oitdi+ds

The first factor of the right-hand side is bounded by R and (94) follows. End of the proof of
(94) n

Proof of (95): Notice that

05 — Oj4di+1 _ 05 — 0i+1 4 Oi+1 — Oi+d,y T Oit+dy — Ui-&-dl-&-l' (97)

Oitdy+1 Oi+dy+1 Oi+di+1 Oi+di+1

Now we will bound the three terms in the right-hand side of (97). We begin by the last one:
using the first equality in (85), (90), (91) and (89), we get:

< <
Titdy+1 11—t Titdy 1=t o

Oitdy — Titdi+1 1 oitay, — Citdi+1 1 oi—0i11 (98)
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For the second term the first equality in (85) and Lemma B.1 yield

Oi+1—0itd;

Oi+1 — Oi4d;y — Oi+dy Tit1 < Oi+dq (dl — ].)Cl
Titdi+1 Oitdi41 1 — 25200 7 gig 1= (di = 1)

The factor ¢;44,/0it+d,+1 can be bounded by 1/(1 — t), using the second equality in (85), (90)
and (91). Therefore, the following bound for the second term of the right-hand side of (97) is

obtained:
i+l = Oitdy 1 (di — 1)

< : (99)
Oi4+di+1 1—t1-— (dl - 1>Cl
Finally, the first term verifies
0; —0i+1 _ Oi+dy  Oi+1 O0¢ — 0441
Oi+di+1 Oit+di1+1 Oi+dy Oi+1

The factor 044, /0i+d,+1 has been already bounded by 1/(1 — ¢), while the factor o;41/0;4+4, is
bounded by 1/(1 — (di — 1)C})) by the second equality in (85) and Lemma B.1. Thus

0 — Oit1 1 1 03 — Oit1

100
Oitdy+1  1—1t 1— (dl - 1)0[ Oit+1 ( )

Replacing (100), (99) and (98) in (97), and taking into account that rg(3; U ¥3) < (0; —
Oit1)/Tis1,

i = Oitdi+1 _ 1 (1 N 1 N 1 (di—1)C > 0; — Oit1
Oitdi+1 - 1t 1-— (dl — 1) & 1-— (d1 — 1) C rg(21 U 22) Oit+1

is obtained. Now inequality (95) is easily proved. End of the proof of (95). ]

B.2 Proof of Theorem 5.9

We will only prove the case in which the elements in 3; are greater than the ones in 5. In
the opposite case the proof is similar, simpler and a slightly better bound can be achieved. We
consider again clusters ¥ and ¥y given by (86). Lemma 5.3 and the fact that 3 is the relative
closest cluster to ¥; imply

() = Titds — Tixditl -y (101)
Oi+dy

rg

We will split the proof in two cases, depending on which of the values in (87) equals rg(31 UXs).
Case 1: rg(X1UXy) = Ji~ %t

Oi+1
Assumption (59), together with (101) and Lemma 5.3, yield in this case

T T _ (24 U ) = min{rg(S1), rg(Sa)} < rg(5y) = Zrh —Torditl o 17 Ti
Oi+1 Oit+dy Oi+1
Therefore
rg(El) _ Oi+dy — Oi+di+1 _ g5 — O'i—',-l‘ (102)
Oitdy Oi+1

o4



If Arp(s) has the same sign as the elements in A; then:
o — 0;
rg(Ar) < =% = rg(%h).
Oi+1

Using a trivial lower (resp. upper) bound for rg(A;) (resp. rg(X1)) one immediately obtains
the bound in Theorem 5.9. Otherwise Ary(;) has the same sign as the elements in A, so

rg(Ag) < 0; — Ojtdy+1 _ 0; — 041 i Oi+1 — Oj+d; 4 Oit+d; — Oit+di+1 (103)
T Oitdi+1 Oitdy+1 Oitdy+1 Oitdi+1

Now the three terms in the right-hand side of (103) will be bounded. We begin by the last one.
Using the first equality in (85) and (101):

Oitdy = Oidr+l L oivdy = Oirdy1 _ 1 rg(Sh) (104)

Titdi+1 1—1 Titd, 11—t
is obtained. For the second term, we get again (99) following exactly the same steps (notice
that (90) and (91) are just (101)). The first term in the right-hand side of (103) verifies:

0; —0i+1  Ojtdy  Oi+l 03 — 0441  Oitdy O+l D
- - Tg( 1)7
Oi+di+1 Oitdi+1 Oit+dy  Oi+l Oi+di+1 Oi+dq

where (102) has been used. Thus the same argument used to get (100) leads to

0i —0it1 _ 1 1
Oitdi+1  1—11— (d1 — 1)

Replacing (105), (99) and (104) in (103),

1 1 1 (d1 —1)Cy
”“”<14<“1—@—na+14m—navﬂ&>>m@”

rg(X1). (105)

is obtained. Using a lower (resp. upper) bound for the left-hand side (resp. right-hand side) of
the previous inequality, one immediately gets the bound in Theorem 5.9.

ag; — O
Case 2: rg(El U 22) _ Yitdi+ds i+dy+da+1
Oi+di+ds
Assumption (59) and Lemma 5.3, yield in this case

Oit+di+dy — Oit+di+da+1 _ ’f’g(XhUEQ) _ min{rg(El), rg(Zz)} < 7"9(22) < Oit+di+dy — Oit+di+da+1 )
Tiydy+dy Titdy+dp

Therefore,

rg(Eg) _ Oit+di+ds — Oit+dy+da+1 < rg(Zl). (106)
Oi+di+da

If Afi(i+dy+do+1) 18 zero or has the same sign as the elements in Ay then

Tg(AQ) < Oi+di+ds — Oit+di+da+1 _ rg(Zg) < 7”9(21)
Oit-dy+da

Using a trivial lower (resp. upper) bound for rg(A2) (resp. rg(X1)) one immediately obtains
the bound in Theorem 5.9. Otherwise Ary(j14,1d,+1) has the same sign as the elements in Ay, so

Oitdy — Oitdi+de+1 _ Titdy = Oitdi+1l | Titdi+1 — Titdi+d Oitdit+ds — Titdi+da+1
Tg(Al) S K3 1 7 1 2 — 7 1 7 1 + 7 1 7 1 2 + 2 1 2 7 1 2 )
Oi+dy Oi+dy Oi+d; Oitdy

(107)
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Now we bound the three terms in the right-hand side of (107). The first one is just rg(X1) by
(101). Lemma B.1 applied to X leads to the bound

Gixdi+1 — Oitditdy _ Titditl ~ Oitditdy (dy — 1)C}
Titdy Titdi+1 B

for the second term. The third term verifies

o — O 1 o — o 1
i+d1+do i+di1+da+ < i+d1+do i+di+da+ _ T,g(22) < 7’9(21)
Oitd; Oi+dy+da

due to (106). Then one obtains from (107)

(d2 —1)C;

rolhn) < <2+ rg(X1)

) rg(X1).

Using a lower (resp. upper) bound for the left-hand side (resp. right-hand side) of the previous
inequality, one immediately gets the bound in Theorem 5.9.
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